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Abstract. — We study Gibbs measures invariant under the flow of the NLS on 
the unit disc of R^. For that purpose, we construct the dynamics on a phase space of 
hmited Sobolev regularity and a wighted Wiener measure invariant by the NLS flow. 
The density of the measure is integrable with respect to the Wiener measure for sub 
cubic nonlinear interactions. The existence of the dynamics is obtained in Bourgain 
spaces of low regularity. The key ingredient are bilinear Strichartz estimates for the 
free evolution. The bilinear effect in our analysis results from simple properties of the 
Bessel functions and estimates on series of Bessel functions. 



1. Introduction 

This work fits in the line of research initiated in |3j aiming to study the possible 
extensions of the work of Bourgain on nonlinear Schrodinger equation (NLS) posed 
on the flat torus to other compact manifolds. We are concerned here with the long 
time behavior of solutions of the nonlinear Schrodinger equation, posed on the unit 
disc of M^. Our aim is to construct the dynamics on a phase space of limited Sobolev 
regularity and a wighted Wiener measure invariant by the NLS flow. Consider the 
Nonlinear Schrodinger equation 

(1.1) iut + Au + F{u) = 0, 

where u{t) : Q — > C is a function defined on the unit disc 

G = {{xi,X2) G : xl + xl<l}. 
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The nonlinear interaction in is induced by F{z), z £ C which is a smooth (non 
linear) complex valued function. We also assume that F{0) = and F = dV with 
a real valued V satisfying the gauge invariance assumption 

Vie'^^z) = V{z), VzGC. 

In addition, we suppose that for some a > 0, 

(1.2) \d^^d^W{z)\ < Ck.Mi^?^'^'^''^^ ■ 



The real number a involved in (|1.2j) corresponds to the "degree" of the nonlinear 
interaction. A typical example for F{u) is 

a/2 



F{u) = ±(l + |n|2 

or \u\°^u when a is an even integer. In this paper, we assume that the nonlinearity 
is sub-cubic which means that 

(1.3) a<2. 

Assumption (|1.3|) on a will be assumed from now on in the rest of this paper. 
Notice that we do not suppose the defocusing assumption which in the context of 
Hl.l|) would be of type ^ < 0. In the (easier) defocusing case, one can expect to 
cover a larger set of possible values of a (see the final remarks at the end of the 
paper). 

It is important that the problem ()1.1() may, at last formally, be seen as the Hamil- 
tonian PDE 

iut = duH{u,u) 
in an infinite dimensional phase space, with Hamiltonian 



(1.4) H{u,u) = / \Vu\^ - / V{u) 

Je Je 

and canonical coordinates {u,u). 

We are interested in the solutions of the initial boundary value problem associated 
to p.lj) . This means that we study (|1.1|) subject to an initial condition 

(1.5) u{0,Xi,X2) = Uoixi,X2), 

where uq is a given function. In this paper, we will only consider initial data of 
Sobolev regularity < 1/2 and thus we will not need to specify the boundary condi- 
tions on M X dQ, where 

de = {{xi,X2) e M.'^ : xj + xl = 1} 
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is the border of (see also Remark 17.21 below) . We will however use the Dirichlet 
eigenfunctions of A as basis of -L^(0) and this will be convenient for our well- 
posedness analysis of (|l.lj) - (|1.5|l . 

We will only consider radial solutions of i.e. solutions depending only on t 

and x\ + x^. Thus, we suppose that the data is radially symmetric, i.e. 

(1.6) uo(xi,X2) = UQ{r), 

where 

x\=r cos If, X2=rsm.ip, < r < 1, (/9 G [0, 27r] . 

Let Jo be the Bessel function of order zero (see e.g. 14 ) and let zi, 22, • • • be the 
zeros of Jq. We have that 

Q < Zi < Z2 < . . . Zn < ■ ■ ■ 

and the zeroes are simple. We also have that jQ{zn'r) are eigenfunctions of the 
Dirichlet self adjoint realization of —A, corresponding to eigenvalues z^. Moreover 
any L^(0) radial function can be expanded with respect to Jo(-Znr). Let us set 

(1-7) en = en{r) = || Jo(^n-)llL2(e) Jo{znr) 

and 

We can decompose the solutions of (|1.1|) with data of type H1.6|) as 

u{t) = ^c„(t)e„,s • 

n>l 

The initial data is thus given by 

uo = ^c„(0)e„,s , 

re>l 

i.e the initial data is uniquely determined from the sequence (c„(0)), n € N. Thus 
the equation (jl.lj) can be written as 

(1.8) iz-'Cn{t) - zl Z-'Cn{t) + Iln(F ^ C„,(t) 6^,,)) = 0, 

n > 1, where n„ is the projection on the mode e„. For instance if / € L^(0) (which 
will always be the case in this paper), we have 

n„(/) = (/,e„)= / /e^r. 
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Of course one can define the action of n„ on distributions but here we will not need 
it. Notice that if / G L^(0), !!„(/) is simply the scalar product of / and 

Cn- Formally, equation (|1.8j) is in fact a Hamiltonian equation with with canonical 
coordinates (c, c) and Hamiltonian 

F(c,c) =^4-2'|cnp- / y( ^ Cmem,,(r))rdr, 

n>l ''^ m>l 

where c = (c^), n G N. More precisely equation ()1.8() can be written as 

SH _ 5H 

iCt = J — , ict = -J—, 
oc dc 

where 6 denotes the variational derivative and J = diag(z^*)„>i is the map inducing 
the symplectic form in the coordinates (c, c). The only important consequence, for 
our analysis, of this discussion is that H{c,c) is , at least formally, conserved by the 
flow of (HIHI). 

Let us now describe the construction of Lebowitz-Rose-Speer (cf. '11') of a 
weighted Wiener measure which is at least formally invariant under under flow of 
The rigorous justification of the invariance of the measure will require, among 
other things, a new well-posedness result for the initial value problem Hl.l() - H1.5|) . 
Let us fix a real number s such that 

a 

1.9 0<s<— -. 

a + 2 

This number s will be fixed from now on in all the rest the paper. Notice that thanks 
to the restriction (|1.3j) on the degree of the nonlinearity a, 

a 1 

< 



a + 2 2 

For a £ [0, l/2[, let us denote by H"^^{Q) the Sobolev space of radial functions 
on 0, i.e. u G H^^^{Q) if and only if 

n>l 

with 



z?"-'|<;„P<oo. 

n>l 

The Sobolev space H^^j^{Q) is naturally a complex Hilbert space with orthonormal 
basis Cn^s- Denote by (•,•) the scalar product in H^^^{Q). Our goal will be to 
construct a well defined (at least local in time) dynamics on H^^^{Q) and to 
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construct a bounded Borel measure on it, invariant by the flow of Hl.l|l . 

Tlie free Hamiltonian is given by 

//o(c,c) = ^4-''|c„|2. 

ra>l 

It turns out that a renormahzation of the formal measure 

n>l 

is a Wiener measure. More precisely, we can give a sense of the formal measure 



n 



as a measure on the Hilbert space H^^^{Q) (corresponding to a Gaussian distribution 
for each mode). 

A set U C H^^^{Q) is called cylindrical if there exists G N and a Borel set 
V (ZC" such that 

(1.10) U = [u ^ : ((n,ei,,),...,(7x,eiv,s)) G 

Let us denote by /2 the measure, defined on the cylindrical sets U determined by 
(nmH) as 

(1.11) - " " dCi...dCA. 



l<n<Af 

The cylindrical sets form an algebra in H^^^{Q). Moreover the minimal sigma alge- 
bra containing all cylindrical sets is the Borel sigma algebra. Since (see p.6|) below) 
Zn ~ n, we deduce that the series 



n>l 

converges. It implies that the linear map defined on H^^^{Q) by 

„2s-2. 



is in the trace class. Therefore (see e.g. |12l |Bl I16j ) the measure /i is countably ad- 
ditive on the cylindrical sets of H^^^{Q). We then denote by /i the Borel probability 
measure on H^^^{Q) which is the unique extension (Caratheodory theorem) of /i to 
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the Borel sigma algebra of H^^^{Q). For the sake of completeness, in Section 3 we 
present the proof of the countable additivity fl on the algebra of the cylindrical sets 
of H^adi^). As we will show in Proposition E31 for a £ [s,l/2[, n{H^^^{@)) = 1 
and thus, we may consider // as a measure on the space 

(1.12) -^=0 Hradi^)- 

s<a<\ 

Thus one should not take the particular choice of s that we made too seriously. 
Notice that since o" < 1/2 the boundary conditions are not of importance in the 
definition of X . In addition, in ()1.12|) the intersection may be assumed countable. 

One may hope that the expression exp(jQ V {u))dii{u) which is a normalised 
version of the formal Gibbs measure exp{—H(u,u))d?u is a well defined measure. 
The expression ex.p{—H(u,u))(Pu is formally invariant by the flow thanks to the 
Hamiltonian conservation. If we were in finite dimensions the invariance would fol- 
low from the invariance of the Lebesgue measure by the flow (Liouville's theorem). 
There is however a problem with the integrability of the above density with respect 
to We will solve this problem by using the cut-off idea of Lebowitz-Rose-Speer 

m 

This paper is devoted to the proof of the following statement. 

Theorem 1. — Fix R > 0. Let us denote by x '■ K— >{0,1} the characteristic 
function of the interval [0, R]. For u £ X, we define the functional f{u) by 

f{u) = x{\\u\\me)) • 
Then for every q E [1, +C)o[, 

(1.13) f{u) G L\dii{u)) . 

Moreover, if we set dp{u) = f{u)dfi{u) then there exists a set S of full p measure 
such that for every uq G S the Cauchy problem M.l\) - M.&^) has a unique (in a suitable 
functional framework) global in time solution. Finally, if we denote by ^(t), t £ R. 
the flow of acting on S then the measure p is invariant under the flow of U.l\) . 
i.e. for every p measurable set j4 C S, every t E M, p{A) = p{^{t){A)). 

Remark 1.1. — The uniqueness statement of Theorem^ can be precised as fol- 
lows : for every T > there exists a Banach space Xt continuously embedded in 
C{[—T,T]] H^^j^{Q)) such that the solution of with data uq £ T, is unique in 
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Notice that thanks to the growth assumption (|1.2|1 and the Sobolev embedding, 
the functional f{u) is well-defined for u £ X. 

As a consequence of Theorem ^ the Poincare recurrence theorem implies that 
almost surely on the support of dp the solutions of are stable according to 

Poisson (see jlOj and the references therein for more details). 

Similar results to Theorem ^ in the case of the circle are known thanks to the 
works [Tl I16j . Gibbs type invariant measures for a Wicked ordered cubic defocusing 
NLS, posed on the two dimensional rational torus are constructed in [2] . 

Invariant measures for defocusing NLS of type (|1.H) posed on an arbitrary 
compact riemannian manifold are constructed in |10j . These measures are not of 
Gibbs type (but still related to the conservation laws), and are living on functions 
in the Sobolev space H^. Let us notice that Dirac measures concentrated on a 
stationary (independent of t) solutions of Hl.lj) are clearly invariant. The measures 
constructed in |10j are not of this trivial type since the defocusing nature of the 
problem excludes the existence of stationary solutions. 

The proof of Theorem ^ follows the ideas developed by Zhidkov (see |16j and the 
references by the same author therein) and Bourgain [Tj. The main difficulties we 
should overcome are to prove a new local well-posedness results for posed on 

the unit disc as well as adapting some estimates on random Fourier series to the case 
of functions on the unit disc of M?. In the local well-posedness analysis, we need 
some bilinear Strichartz estimates. Starting from the work of Bourgain, estimates 
in this spirit were already used by many authors in the context of dispersive PDE's. 
In the analysis here, the crucial bilinear effect results from simple properties of the 
Bessel functions and estimates on some series of Bessel functions. Notice that the 
bilinear approach and the Bourgain spaces are needed to be employed here since 
the well-posedness analysis of [HI based only on linear Strichartz inequalities and 
Sobolev spaces requires the restriction a > 1/2 (thus missing X) coming from the 
Sobolev embedding W'^''^ C cr > 1/2 in two dimensions. 

The rest of the paper is organized as follows. The next section is devoted to some 
properties of the Bessel functions needed for our analysis of NLS In Section 3, 

we collect some properties of Wiener type measures on Sobolev spaces of radial func- 
tions on the disc. Section 4 is devoted to bilinear Strichartz type inequalities which 
are the basic analytical tool in this paper. In Section 5, we introduce the Bourgain 
spaces of radial functions on B. The main nonlinear estimate are established in 
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Section 6. As a first consequence of these estimates, in Section 7 we prove some 
local well-posedness results for NLS and its finite dimensional approximation. Next, 
in section 8, we improve the result for the finite dimensional model. In Section 9, 
we transfer the result of Section 8 to the NLS. The proof of Theorem ^ we will 
be completed in Section 10. The final section is devoted to some straightforward 
extensions of Theorem ^ and open problems that seem of interest to the author of 
the present paper. 

Notation. Let us now introduce several notations that will be used in the paper. 
For two positive real numbers A^i and A^2) we denote by A'^i A = min(A'^i, 
the smaller one. For x € M, we set {x) = 1 + |a;|. We use the notations ~ or ~ for 
the equivalence of two quantities, uniformly with respect to some parameters which 
will be clear in each appearance of these two symbols. Several positive constants 
uniform with respect to some parameters, which will be clear in each appearance, 
will be denoted by C or c. The parameter set will always be a set of numbers or a 
set of functions. 



2. On the Bessel functions and their zeros 

In this section, we collect several facts on the zero order Bessel function that will 
be used in the sequel. These facts are essentially in the literature (see e.g. |14l I15j ) 
but, in order to keep the paper as self contained as possible, here we give the proofs. 
We will be interested on Jo{x) for x > and its zeros Zn since Jo{znr), < r < 1 
form a basis for the radial functions on the disc B. The Bessel function Jo{x) is 
defined by 

j=0 > 

The function Jq{x) solves the ordinary differential equation 

J^'(x) + i4(x) + Jo(x) = 0. 

The function Jq{x) may be seen as the zero Fourier coefficient of the function 
exp(ixsin0), 9 £ [—tt,tt] and thus 

Moreover, by the Lebesgue differentiation theorem, 

J'(x) = -1 r (isme)e'''''''^de. 
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Recall that e„, : ^ M, defined by (jl.Tf) form an orthonormal basis of the LP' 
radial functions on the disc 0. Observe that e„(r) are real valued. The next lemma 
provides U'{Q) bounds for in the regime n ^ 1. 

Lemma 2.1. — Let p G [2,oo]. There exists C such that for every n > 1, 

(2.1) ||en||Lp(0) < C''^("')l|en||L2(0) = C5{n), ||e^||ip(0) < C(5(n)||e^ 11^2(0) , 
where 

1 when 2 < p < 4, 

5(n) = < (log(l + n))4 when p = 4, 
--+- 

n p 2 when p > 4 . 

v 

Ln particular for every e > there exists such that for every ni,n2 > 1, 

(2.2) ||e„,e„2||i2(e) < Ce(min(ni,n2))^||e„J|i2(0)||e„2 11^2(0) = Ce(min(ni, 712))^ 

(2.3) I km 6^2 11^2(0) < Ce(min(ni,n2))^||e„J|i2(0)||e^2lli2(e) • 
Finally, there exist two positive constants Ci and C2 such that for every n E N, 

(2.4) Cin = Cin\\en\\L2{0) < ||e^||L2(0) < C2n||e„|| ^^2(0) = C2n. 

Proof. — The proof is based on the asymptotics for Jo(x) and Jq(x) for large values 
of x. These asymptotics may be found by applying the stationary phase formula to 
the integrals defining Jq{x) and Jq{x). Indeed, in both cases the phase sin^ has two 
non-degenerate critical points ±^ on [— 7r,7r]. Therefore, there exists C > and a 
function ri{x) defined on [1,+cxd[ such that 

Jo(x) = ./^^^ii^^+n(x), \r,ix)\<Cx-l 
V vr Jx 



(the two critical points contribute with phases exp(z(=b2;=p7r/4))). Similarly, we have 
J^(x) = -J^ + fi(x), \hix)\<Cx~l 



10 



NIKOLAY TZVETKOV 



A first consequence of the above representations of Jo{x) and Jq{x) is that the n'th 
zero of Jo{x) satisfy ~ n. We can therefore write that for n ^ 1 

-1 

|2, 



l«^0(^;n-)llL2(e) = J \Jo{znr)\ r dv 

= z'"^ I \Mp)?pdp 
Jo 

pen 

> cn~'^ / |Jo(p)ppdp 



> cn~^(cn — Clog(n)) > cn~^ . 



Therefore 

(2.5) ||Jo(z„-)llL2(e) >cn-i/2. 

Similarly, we can show that 

On the other hand, using that | Jo(x)| < Cx~^/^, a; > 1, and, | Jo(x)| < C, x < 1, we 
obtain that for p E [2, oo[, 

ll<^o(^;n-)llLP(e) = / IMznrWrdr 



-2 ■ 



= / \Mprpdp 

Jo 

< Cn-^(C + J^'' p-P/^ pdp 



which gives the bound H2.1() for e„ and p < +oo by distinguishing the three regimes 
for p involved in the definition of 5{n). The last estimate also implies that 

ll^o(^n-)llL2(e) <Cn-i/2 

and thus 

ll«^o(^;n-)llL2(e) ~ 

Estimate 1)2. 1() for p = oo and e„ follows form the bound | Jo(x)| < C for all x > 
and the inequality H2.5() . This completes the proof of H2.1() as far concerned. 
The bound for in (|2.1|) can be established in a completely analogous way, once 
we have the stationary phase approximation of Jq{x). We also have 
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and thus 
Since 



^rSr) = ^n||Jo(^;n-)llL2(e)^o(^n^) 

we get estimate (j2.4|) . Finally, the assertion of (|2.2j) results from (|2.1|) and Holder 
inequality 

1 1 _ 1 

l|enien2llL2(e) ^ l|eni||LP(e)l|en2llL'J(e), p ~^ g ~ 2' 

with p, q close to 4 and according to the order of ni, 712, the bigger of p, q is attached 
to the smaller of tt-i, ra2- A similar argument yields H2.3|l . This completes the proof 
of Lemma |2. II □ 

The next lemma provides a more precise asymptotics for the zeros Zn, 1. 

Lemma 2.2. — For every k > there exists C > such that the zeros of Jo{x) 
can be written as 

(2.6) z„ = 7r(n-^)+ / +r(n), |r(n)| < Cn'^^"'^) . 

4 8TT{n-j) 

Remark 2.3. — In fact, much better bounds on r{n) may be proved. However, 
estimate \2. 6]) will be sufficient for our applications. 

Proof of Proposition \2.^ — Using the stationary phase formula at order 2 in the 
integral representation of Jo(x) gives the existence of a constant C > and a function 
r2(x) defined on [1, +oo[ such that 

Therefore, for n ^> 1, the zero Zn solves the equation Fi^Zn) — 0, where F{jjc) (with 
X — tt/A near the positive odd integer multiples of 7r/2) is a continuous function of 
the form 

F(x) = ^ + — + 0(n-2). 

^ ' tan(x-f) 8x ^ ' 

Here 0{n~'^) denotes a quantity < Cn~'^ with C independent of n and x. For k > 0, 
we set 

K 1 1 



4^ ' 87r(n- i) n^""^' 
Further, we set 



+ 1 1 

_ / 1 \ — 



87r(n-i) n 



2-K ■ 
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Notice that cos(z^ — 7r/4) = (— l)"'sine^ and sm(z^ — 7r/4) = (— 1)"+-'^ cose 
Therefore, by expanding, we get 



1 .-.,-2. 1 



Therefore for n ^ 1 the zero z„ hes between z~ and z^. This completes the proof 
of Lemma O □ 



3. The measures fi and p 

In this section, we prove and we cohect some properties of the measures /i 

and p. Let us first observe that the minimal sigma algebra containing the algebra 
of cylindrical sets (|1.10|) contains the closed balls of H"^^{Q), a G [s,l/2[. Indeed, 
if for r > and v G H'^.^^{Q), we set 

B„{r, v) = {ue Kadi®) ■■ u G Kadi®) and \\u - vWh^^o) < r) 

then 

B„{r,v) = Pi Ua,Nir,v), 
N>1 

where the cylindrical sets C/o-,Ar(r, u) are defined by 

U,,Nir,v) = (uGKa,{e) : ^ z^'Hu - v, e,,s)\' < r'' 

Since -ff^adl®) separable, we obtain that the minimal sigma algebra containing 
all cylindrical sets is the Borel sigma algebra. 

As mentioned in the introduction, for a sake of completeness, we give the proof 
of the countable additivity of the measure p. 

Proposition 3.1. — The measure p, defined on the algebra of cylindrical sets 
U.1(J\) by formula is countably additive, i.e. for every sequence Un, n G N o/ 

cylindrical sets such that Un+i C Un and 

(3.1) fl = ^' 

nGN 

one has 

lim ~p{Un) = . 

Thus p has a unique extension that we denote by p to the Borel sigma algebra of 
^radi®) which is a Borel probability measure on H^.^^{Q). 
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Proof. — Let cr > be such that s + cr < 1/2. For R> 1, we consider the set 
Kn = {u£ H'^adi®) ■■ \\u\\H^+-{e) < R]- 

Thanks to the compactness of the embedding H^^^{Q) into H^^^{@), we obtain that 
Kr is a compact set of H^^^{Q). Since Un, n G N are cyhndrical sets, there exists a 
function r : N ^ N such that for every n the set C/„ can be seen as a subset of the 
finite dimensional space Eri^n) defined by = span{ej^s)i<j<r{n)- More precisely, 
there exists a Borel set Un of -E'r(n) such that 

Un= (^U£ H^-adi®) ■ iu,ei^s)ei,s H h {u,er{n),s)er{n),s ^ ^^n) • 

Consider the cylindrical sets defined as 

K(n) = (ue H^-adi®) ■ iu,ei^s)ei,s H h {u,er(n)^s)er(n),s e Kr 

Then 

(3.2) > l-Ci?-2, 

where C is a constant independent of R and what is more important, independent 
of n G N. Set m = r{n). In order to prove 1)3. 2|1 . we observe that 

l-KFr{n))<I, 

where I is given by the integral 
where V is given by 

m 

y={(ci,...,c„)GC'" : ^zf |c,f >/?2|. 
Set = s + (T<l/2. By the change of the variable Cj ^'j^ji obtain that 



where W is given by 



t^={(ci,...,c^)GC™ : ^|c,f >i?2}. 
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By introducing polar coordinates in each Cj integration, we may estimate 



m „ m 



,=1 "W 



Cri 



where C is a constant independent of m = r(n). This proves ()3.2() . 

Let us fix e > 0. By the regularity of the Lebesgue measure, using that Un+i C Un 
one can construct closed sets Vn C -E'r(n) such that 



(3.3) Vn= [u£ Kadi®) '■ (w,ei,s)ei,s H h (u, e.r(„),Je^(„)^s e K 

satisfy 

Vn C K+l C Vn, KUn\Vn) < e/2 . 

Indeed, one first constructs closed sets Wn C -E'r(n) such that 

Wn= (u£ H^adi®) '■ (w,ei,s)ei,s H h (ti, er(„)_^)er(„)^s S 

satisfy 

VF„ C Un, KUnWn) < e/2"+3 . 

Then, we set 



n 

i=i 

and one easily verifies that Vn satisfies 1)3. 3p . 

We have that Kr n is a compact set of H^^^{@) included in Un- Therefore 
(jTTl) yields 

f|(i^/jnK) = 0. 

neN 

Hence, there exists > 1 such that KjiCiVn = for n > A^. Moreover, Fr(„)nl4 = 
for n > N. Indeed, if u G -^r(n) 1^ then by setting 

Un = {u,ei^s)ei,s H h er(„)_5)er(„)_s. 
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we observe that m„ G Kr and u„ G y„ which is a contradiction. Thus n = 0- 
Therefore, using (|ll2j) . we infer that 

1 > U K) = KKin)) + KVn) > 1 - CR-^ + 

Hence jl{Vn) < CR^^ and thus for i? » 1 (independently of n), 

KUn) < KVn) + /i(C/n\K) < C R'^ + e/2 < £. 

This completes the proof of Proposition 13.11 □ 

Remark 3.2. — One may show that for s > 1/2, the measure jl is not countably 
additive on the algebra of the cylindrical set on H^^^iQ) (see e.g. 



If M e -f^rad(S) is given by 



rad\ 

U — ^ ^ CnCji^i 
n>l 

then we can consider a Littlewood-Paley decomposition of u defined by 

u= ^ AAr(n), 
A'^— dyadic 

where N is running over the set of dyadic integers, i.e. the nonnegative powers of 2, 
and, the projector A at is defined by 

^n{u) = ^ CnCn^s ■ 

n:N<{z„)<2N 

We next state a bound on the fi measure of functions containing only high frequencies 
in their Littlewood-Paley decompositions. 

Proposition 3.3. — Let a S [s,l/2[. There exist C > and c > such that for 
every Nq > 1, every A > 1, 

/.(n G H:^,{e) : \\ J] A^(n)||^.(^) < a) > 1 - Ce^^'^'"^' . 

JV>JVq 
Af— dyadic 

In particular 

(3.4) fi{u G H^^^^iQ) : ||n||^.(e) < A) > 1 - Ce-'^^' 

and 

Therefore one can consider fi as a measure on the space X defined by U.l'^) . 
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Proof of Proposition 1^.51 — In view of (jl.lip , we obtain that the measure // is the 
distribution of the random series 

(3.5) Mr) = E '-4^enAr) = E '-^e^r) , 

n>l n>l 

where gn{^) is a sequence of normahsed (AA(0, l/\/2)) independent identicaUy dis- 
tributed (i.i.d.) complex Gaussian random variables, defined in a probability space 
{^IjJ-'jP). More precisely, for U a /i-measurable set, we have 

Consider a Littlewood-Paley decomposition of (|3.5|1 

(3.6) Mr)= E ^N{Mr)) 

Af— dyadic 

with 

A7v(v?<^(r)) = E ^n^S'n('^)e„(r) . 

n: Af<(^„)<2Af 

We need therefore to establish the bound 

p(c. e : II E ^iv(v'JL.(e) > ^) ^ Ce-^"'<"''' . 

JV>JVo 
A''— dyadic 

Let us next prove an inequality for Gaussians. 

Lemma 3.4- — Let gn{'^) be a sequence of normalized i.i.d. complex Gaussian 
random variables defined in a probability space {^,J-,p). Then there exist positive 
numbers ci, C2 such that for every finite set of indexes A C N, every A > 0, 

p(uen: El5n(c^)P>A) <e^^l^l-^^\ 

n6A 

Proof. — For every C > 0, 

(3.7) e J] : E bn(^)P > \) = p(oJ e ^ : J] e^l^-^'^)!' > e^^) . 

n6A nGA 

For C < li using the Tchebishev inequality and the independence of Qnil^)-, we deduce 
that (|3.7|1 is bounded by 

nGA 
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where the positive number z is given by 

This completes the proof of Lemma 13.41 □ 
Let us now turn to the proof of Proposition 13.31 For A'^o > 1, we set 



a; Gil: II ^ AAr((/?<^)||^ > A 



'(e) 

JV>JVo 

iV— dyadic 



Let ^ be a real number such that 

(3.8) < 26* < 1 - 2ct . 
For K > and N > Nq, N being a dyadic integer, we set 

An,^ =(u;en : ||Ajv((^..)||^.(0) > X^iN-' + (iV-^iVo)!-'^; 

Now, we observe that there exists k sufficiently small depending on a but indepen- 
dent of A^o and such that 

(3.9) C U An,^ . 

JV>JVq 
A''— dyadic 

The restriction 

\\AN{^u.)\\H.^e) > + (^"'^^o)'"") 

implies that 

n:N<{zn)<2N 

and therefore, in view of (|2.()j) . 

n:N<{zn)<2N 

Once again invoking 1)2. 6|) . we infer that 

#{n : N < {zn) < 2N} < CN 
and therefore Lemma l3 . 41 vields the bound 

The assumption 1)3. 8(1 implies that 1 < 2 — 2fT — 20 and thus 
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2 Ar2-2o- 



Using (|3.9p . a summation over yields 

which completes the proof of Proposition 13.31 □ 

Remark 3.5. — One can use the method of proof of Proposition to improve 
iS. gj) to exponential bounds. 

Let us now turn to the proof of (|1.13j) of Theorem ^ It is a consequence of the 
following statement. 

Proposition 3.6. — Let gn{uj) be a sequence of normalised i.i.d. complex Gaussian 
random variables, defined in a probability space {^l,J^,p). Let x : K — > {0, 1} be the 
characteristic function of the interval [0,R], R> 0. Define the random series ip^j by 

n>l 

Then for every q > 0, 

^{xiUJllHe)) expiq jjViM)\) <oo. 
Proof — Thanks to (fO) 

Therefore, we have to show that 

^{xiUcWL^B)) exp(Cg||<^a;|lit^2(0))) < oo. 
Observe that it suffices to show that 

/oo 
f{X)dX < oo, 

where 



f{X)=p(uje^ : ||</'i^||L-+2(e) > (-^) ||'/'a;||L2(e) < 

Set 



'logAx ST2 

7 := ■ 



Cq 

Let us now fix the real number a according to the Sobolev embedding restriction 

,1 1 

cr = 2 - 



2 a + 2 
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Notice that thanks to and H1.9() . 1/2 > a > s (of course the important point 

here is that a < 1/2). The Sobolev embedding H''{Q) C L"+2(e) thus yields the 
bound 

(3-10) ||(/>a;||Lc»+2(e) < CsobWfkujWwie) ■ 

Therefore 

f{\)<p[u(^VL : \\4)u\\H-^(e) >l/Csoh, \\<t)u\\L-2(e) <R)- 

Consider again the Littlewood-Paley decomposition H3.6() . In the spirit of the Brezis- 
Gallouet argument, we set 

Nq = KJ", 

where /t > is a small number to be fixed later. Then 

(uen : \Mh-{0) > i/Csob, IMme) <r)cAiUA2 

with 

^1 = e : II Yl ^^(^^)|L-(e) - ^Z^^*^^"^)' W^-^Wl^s) < R 

N<Nq 
Af— dyadic 

and 

A2 = (co e : \\ V An{(Pu.) > 7/(4C,ofe)) . 

V II ^-^ H'^(0) / 

N>Ng 

A''~dyadic 

On the other hand 

II ^ — ' H'^(Q) ^ ' 

N<Nq 
Af— dyadic 

Hence for k <C 1, the set Ai is empty. This fixes the parameter n. On the other 
hand, thanks to Proposition 13.31 

2 »r2{l-o-) 

p{A2) < Ce-'^^^o' . 

Therefore 

/(A) < Ce-^ti^s^l'*^^'"'' . 
Coming back to the definitions of a and Nq, we get 

[logA]^7Vo^^"''^ = c[logA]^ . 

The assumption a <2 implies 2/a > 1 and therefore /(A) is integrable on [l,+oo[. 
This completes the proof of Proposition 13.61 □ 

We now state a corollary of Proposition 13.31 and Proposition 13.61 
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Proposition 3.7. — Let a G [s, l/2[. Then there exist C > and c > such that 
p{u G H^,,{e) : ||n||^.(e) > A) < Ce-'^' . 

Proof. — Set 

Ax = {u£ H^adi®) ■■ ll^^llH-(e) > A). 
Then using Proposition 13.31 and Proposition 13.61 we can write 



p{Ax) = dp = / f{u)dp{u) 



1/2 / /" \ 1/2 



< (/ f\u)dp{u)) (/ dpiu 



Ax ' ^ J Ax 



< 



C{p{Ax)y^ <Ce 



This completes the proof of Proposition 13.71 □ 

Next, we define the finite dimensional sup-spaces of H^^^{@), 

En = span(ei,s, . . . ,eN,s) ■ 

We equip with the measures pN and pN which are the natural restrictions to 
En of p and p respectively. More precisely for a Borel set V C C'^, we set 

(3.11) V = {ciei^s-\ \-CNeN,s, (ci, . . . , cat) G . 

We define the measures p n and pN on the sigma algebra of sets of type 1)3. 11(1 by 

l<n<N 

and 

-N f TT y2-2s 



V 



pn{v)=^-''( n 



l<n.<Af 



Jv 



It is now clear that to every cylindrical set of H^^^{@) we may naturally associate 
a Pn and pN measurable set on En, provided N being sufficiently large. For u G 
H^^{Q), we define the projector Sn, 

via the formula 

N 

(3.12) SNiu) = '^{u, en,s)en,s ■ 



n=l 
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We have the following statement. 

Lemma 3.8. — Let U he an open set of H^^^{@), a G [s,l/2[. Then 

(3.13) < liminf /9Ar([/n^Ar). 

Moreover, if F is a closed set of H!^^^{Q), a G [s,l/2[ then 

(3.14) limsup pN{Fn En) < p{F). 

Proof. — Define the sets 

Un ^ {u e H:.,a{&) ■■ SN{u)eU}. 
Observe that U n En is pN measurable and 

PNiUnEN) = p{Un). 

We have the inclusion 

(3.15) U C liniinf(C/iv), 
where 

linynf(C/jv) = (j f] Un,. 

N>1 Ni>N 

Indeed, we have that for every u £ H!^^^{Q), 

(3.16) lim ||u- S'Ar(n)||^<.(0) = 0. 

Therefore, using that U is an open set, we conclude that for every u € U there exists 
> 1 such that for N > Nq one has u G Un- Hence we have ()3.15() . If A is a 
p-measurable set, we denote by XA the characteristic function of A. Define the non 
negative functions /at by 

fN(.u) = XUNiu)f(.'^) ■ 

Notice that thanks to (|3.15|) . 

liminf xt/jv ^ Xu ■ 

N^oo 

Next, we set 

F{u) = liminf fN{u). 

Thus 

F{u) > xu{u)f{u) . 

Since 

PN{UnEN)= / fN{u)dp{u), 
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using the Fatou lemma, we get 

Iiminfpiv(f7n-E;7v) > / F{u)dfi{u) > / f{u)dfi{u)=p{U). 

Next, we define the sets 

Fj, ^ {u G H:.^,{e) : Sn{u)€F}. 

Thus 

PNiFDEN) =p{Fn). 

We have that 

(3.17) Umsup(Fiv) c F, 



N 



where 



nmsup(F7v) = n [j Fn,. 

" N>lNi>N 



Indeed, suppose that u £ limsup^(F/v). Thus there exists a sequence {Nf:))^^^ 
tending to infinity such that u £ F/v^. which means that for every k one has S'tvj. (u) £ 
F. Since F is closed, coming back to (|3.16() . we obtain that u £ F and therefore we 
get (TnTI) . If we set 

G{u) = limsup /Ar(n), 

Af— >oo 

where 

fN{u) = XFN{u)f{u) . 

then we have 

G{u) < XF{u)f{u) 

and the Fatou lemma gives, 

limsup /9Ar(F n Fjv) = limsup / fN{u)dp{u) 
N^oo N^oo J AG] 



< / G{u)dp{u) 



< / f{u)dp{u) 
Jf 

= P{F). 

This completes the proof of Lemma 13.81 □ 

The next lemma shows that every p measurable set can be approximated by 
subsets of compact sets in H^^^{Q). 
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Lemma 3.9. — Lets a g]s, 1/2[ and denote by Kr, R > the ball 

Kn ^{ue H^^^iQ) : IIuIIh^o) < R}. 
Then, for every p measurable set A, 

p{A) = lim p[A n Kr) . 

R^oo 

Proof. — Since /^(//^^^(G)) = piH^^di^)) and since /(n) G L'?(d^(u)), 1 < g < oo, 
we obtain that p{H^^^{Q)) = p{H^^^{@)). Therefore, using Proposition 13.71 we can 
write 

0<p{A)-p{AnKR) = p{A\JKr)- p{Kr) 

< p{h:^,{@)) - p{kr) 

= p{H'^,,{Q)) - p{Kr) 
which completes the proof of Lemma 13.91 □ 



4. Bilinear Strichartz estimates 

We now state a locahzed Strichartz type bihnear estimate associated to the hnear 
Schrodinger group on the unit disc. 

Proposition 4-1- — For every e > 0, there exists (3 < 1/2, there exists C > such 
that for every Ni,N2 > 1, every -Li, L2 > 1, every ui, U2 two functions on M x of 
the form 

Ujit,r)= ^ Cj(n,f)e„(r), j = l,2 

Nj<(z.a)<2Nj 

where the Fourier transform of Cj{n,t) with respect to t satisfies 

suppc5(n, t) C {t eR : Lj < {t + zl) < 2Lj}, j = 1,2 
one has the bound 

\\uiU2\\L2{Rxe) < C{Ni A iV2)^(ili2)^|kl||L2(]gx0)||u.2||L2(iRx0) • 

Proof. — Let us first notice that for j = 1,2, 

/oo 
\cj{n,T)fdT. 
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Denote u(t,r) = ui{t,r)u2{t,r). Our purpose is thus to estimate ||v||j;^2(igxe)- Equiv- 
alently, we need to bound \\v{t, •)\\L^(M.rxe)- Write 

lL2(IRxe) ~ " 



I^('^''^)lli2«xe) = c / / / ??r(Ti,r)^2(r-ri,r)c?Ti 



rdrdr. 



'0 J-OD 

On the other hand ui (ri , r)u2 (t" — ''"i, is equal to 

XI ci{ni,Ti)S2,{n2,T - Ti)en^{r)en2{r) . 

Therefore, by invoking we can write 



CO 

oo 



Sr(ri,r)u5(r - Ti,r)dri < / ||tiT(ri, r)n5(r - n, r) ||^2(0)C?n 

"-^^ (0) J— oo 

/oo 

^ XI |ci(ni,ri)||c^(n2,r - Ti)|||enie„2||i2(e)(iTi 

Nx<{z^-^)<2Nx N2<{zn2)<2N2 

/oo 

X X \ciini,n)\\c2{n2,T-Ti)\dn 



' Ni<(z„^)<2Ni N2<{z„,^)<2N2 

Our aim is estimate the L^(Rt-) norm of the last expression. For this purpose, we will 
of course make use of the support properties of Cj{n,T). Using the Cauchy-Schwarz 
inequality in (Ti,ni,n2) gives the bound 



/CO 
X \ci{ni,Ti)\\c2{n2,T - Ti)\dTl < 

Ni<(z„^)<2Ni N2<{zn^)<2N2 

<(/ X Yl \ciinuTi)\^\c2{n2,T-Ti)\^dTiy\A{T,Li,L2,Ni, 

Ni<{z„^)<2Ni N2<(z„^)<2N2 

where A(r, Li, L2, iVi, is the following set of M x N x N, 

(4.2) A(T,Li,L2,A^i,iV2) = {(ri,ni,n2) GMxNxN:Li< (n +4^) < 2Li, 

The next lemma contains the main combinatorial ingredient of our analysis. 

Lemma 4. 2. — For every e > there exists > such that for every r G M, 
every Ni,N2 > 1, every Li,L2 > 1, 

\A{T,L,,L2,N^,N2)\<C,{N^AN2r{LiL2). 
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Proof. — Consider the set A(r, Li, L2, Ni,N2) of N x N, defined by 

A(r, Li, L2, iVi, A^2) = {(ni, na) G N X N : (r + 4^ + z^J < 2(Li + L2), 

{zn,) £ [iVi,2iVi], G [N2,2N2]}. 

Let (ri,ni,n2) € A{t, Li, L2, Ni, N2). Then the triangle inequahty yields 
(ri + + z^^) < in + zl^) + {T-n + zl^) < 2(Li + L2). 

Therefore (n, ni, 71,2) G A(r, -Li, L2, Ni,N2) implies that (ni, 71,2) G A(r, Li, L2, Ni,N2). 
On the other hand for a fixed (ni,n2) G A{t, Li, L2, Ni, N2) the Lebesgue mea- 
sure of the possible ti such that (Ti,ni,n2) G A{t, Li, L2, Ni, N2) is bounded by 
C(Li AL2). Therefore 

(4.3) |A(r,Li,L2,A^i,iV2)| < C(Li A L2)|A(r, Li, L2, A^i, A^2)|. 

We next estimate |A(t, Li, L2, Ni, A^2)|- Observe that +-Zn2 I'^'iig^s in an interval 
of size < C{Li + ^2)- Hence, thanks to (|2.6|) the expression (4ni - 1)2 + (4n2 - 1)^ 
also ranges in an interval of size C{Li + L2), where the constant C is independent 
of T, Li, L2, Ni, N2. Indeed, suppose that for some A G M, 

(4.4) A<zl+zl^<A + CiL, + L2). 

In (|4.4() . A is the parameter we have no control on. Using (|2.6|) . we obtain that 1)4. 4|) 
implies 

. , 16^ , ,a , x9 , ^ 16A+ 16C(Li +L2) 
4.5 ^ < 4ni - 1 2 + 4n2 - if + i? m, ^2 < „^ ' , 

where, thanks to the estimate on the remainder in 1)2. 6() . the function R{ni,n2) in 
H4.5|) satisfies 

|ii(ni,n2)| <C. 

Therefore, (|4.5() implies 

Thus (4ni - 1)2 + (4n2 - 1)^ ranges in an interval of size 

exactly as we claimed. Denote the interval where (4ni — 1)^ + (4n2 — 1)^ can range 
by A. Another appeal to 1)2. 6() yields that the restrictions (zm) G [A^i,2A^i] and 
(znj) G [A''2,2A''2] imply the bounds 

0<ni<cNi, 0<n2<cN2. 
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Let I be and integer in the interval A. Then we have the bound 
(4.6) #(^(ni,n2) G N x N : / = (4ni - 1)^ + (4n2 - l)^ 

< ni < ciVi, < na < CN2) < Ce{Ni A iVa)" 



Indeed, if / < 2c^{Ni A iV2)^°°^ then the left hand-side of (gH) is bounded by 
C£{nim{Ni, N2)Y by the standard bound (see e.g. [SI I13j ) on the number of di- 
visors in the ring of Gaussian integers Let us next suppose that 

/ > 2c2(iVi AiV2)^°°^ + 1. 

By symmetry, we can suppose that N2 > A^i. We have that 4n2 — 1 G /, where the 
interval I is defined by 

/ = [^l - (4cA^i - 1)2, Vl] . 
But the size of I is bounded by 

(4cjVi - 1)^ ^ CNf ^ ^ 

Therefore the size of / is bounded by a constant uniform in A'^i, N2 and I. Thus in 
the case I > 2c|(A'^i A A^2)^'^''^ + 1) we can get even better then (|4.6jl . namely we have 
a bound by a uniform constant. This completes the proof of (|4.6|) . Using (|4.tj|) we 
infer that 

|A(r,Li,L2, A^i, A^2)| < C,|A|(A^i A Nif = Ce{Li + L2)(iVi A iVs)" . 

Observe that (Li A L2){Li + L2) < 2(LiL2). Therefore coming back to 1)4. 3() com- 
pletes the proof of Lemma 14.21 □ 

Thanks to Lemma 14.21 we may write 



poo J 

/ ui{n,r)u2{T-Ti,r)dn <Ce{NiAN2y{LiL2)^ 

J -co ^ (0) 



|ci(ni,ri)|^|c2(n2,T - Ti)|^(iTi^ 

' Afi<(2ni><2Afi N2 <(z„^}<2N2 

Squaring the above inequality, integration over r G M and using (|4.H) gives the 
bound 

(4.7) ||niM2||L2(iRxe) < C'el^^l AiV2)''(-^^1^2)^||ni||i2(Rxe)lh2||L2{Rx0) • 

We however claimed that the power of L1L2 can be smaller than 1/2. In order 
to obtain this better bound with respect to the Li,L2 localization, we will get an 
inequality which is better than 1)4. 7|) as far as (L1L2) is concerned but which is very 
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weak with respect to the Ni,N2 locahzation. Using the formula for the inverse of 
the Fourier transform, the support properties of the Fourier transform of Cj{n,t), 
and the Cauchy-Schwarz inequahty, we obtain the bound 

/oo 
|c5-(n,r)|2(ir, j = 1,2. 
-oo 



Hence, we infer that 

Il'"i(*'-)lli2(e) = Yl 

N.i<{z„)<2Nj 

/oo 
\cj{n,T)\'^dT 

= CLj\\Uj\\l2(^^y.Qy 

Therefore 

1 

(4-8) ll^illL°°(]R;L2(0)) < CL| ||ltj||2,2(]gx0)• 

Interpolation (it is in fact simply the Holder inequality) with the equality 

ll''^jllL2(R;L2(e)) = ll'"illL2(Kxe) 

gives the bound 

1 

(4-9) ||'Uj||i4(]R.i2(0)) < 0^*11^^11^2(^x6)) j = l,2. 

Recall that (|2.6() implies that 

#(n E N : iV < < 27V) < CN. 
Therefore, using ()2.1() and the Cauchy-Schwarz inequality, we get 

\uj{t,r)\ < CNJ Yl 

Nj<{z„)<2Nj 

1 

2\ 2 



Nj<{Zr^)<2Nj 



1 



< CNjL^\\uj\\L2(Mxe) ■ 

Thus 

1 

(4.10) \\uj\\L°^{R;L°^(e)) < C'^j-^j IKjllL2(]Rx0)- 
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Next, we can write 

||^x,(t,-)|lioo(e) < CNj(^ Yl 

Nj<(z„)<2Nj 
Nj<{z„)<2Nj 

= CNf\\u,it,-)\\l2^ey 
Integration of the last inequality over t G M gives 

(4-11) ll'"illL2(R;L°°(e)) < CNj\\Uj\\L2(^y^Qy 

Interpolation between (|4.1fl|) and (|4.1H) now gives 

1 

(4-12) lkillL4(R;L°°(e)) ^ CLj Nj\\uj\\i2(^y.Qy 

Suppose that A''i < N2. Then using (|4.9j) . (|4.12|) and the Holder inequality, we 
obtain 

ll'"l''^2||L2(Kxe) < ll^l||L*(R;L°°(e))ll^2||L'*(R;L2(e)) 

< C(LiL2)4iVi||ui||i2(Rxe)lk2||L2(iRxe) • 

Therefore, we arrive at 

(4.13) ||'Uin2||i2(iRxe) < C{LiL2)^{Ni A Af2)||^il||L2(]8x0)||'U2||L2(Rx0) • 

Interpolation between (|4.7() and (|4.13p completes the proof of Proposition 14.11 □ 

We will also need the following variant of Proposition 14.11 

Proposition 4- 3. — For every e > 0, there exists (3 < 1/2, there exists C > such 
that for every Ni, N2 > 1, every Li, L2 > 1, every ui, U2 two functions on M x G of 
the form 

ui{t,r)= Y ci{n,t)en{r) 

Nl<{Zn)<2Nl 

and 

U2{t,r)= Y C2{n,t)e'Jr) 

N2<{Zn)<2N2 

where the Fourier transform of Cj{n,t) with respect to t satisfies 

suppc5(n, t) C {t £R : Lj < {t + z^) < 2Lj}, j = 1,2 
one has the bound 

\\uiU2\\L-^(Rxe) < C{Ni A iV2)^(il^2)^||'Ul||L2(Rx0)||^^2||L2(]Kx0) . 
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Proof. — Recall that the function satisfies the equation 

re'nir) + e'^{r) = -4re„(r). 

Therefore, using that for m ^ n, Cm and are orthogonal in L^(0) and vanishing 
at r = 1, an integration by parts gives for m ^ n, 



1 r ^1 

em(r)(e^(r)r)'(ir + em(r)e^(r)r 











em{r){e'^{r) + re'^{r))dr 



4 / em{r)en{r)rdr = 0. 



Therefore, we obtain that 



/oo 
\c2{n,T)\^dT 

and from now on the proof of Proposition 14. 31 follows the lines of the proof of Propo- 
sition Indeed, using (|2.3j) . we can write 



ui{Ti,r)ui{T - Ti,r)dTi\ 



L2(e) 



< 



\ui{Ti,r)ui{T - Ti,r)||^2(0)rfT: 



< 



^ 53 \ci{ni,Ti)\\c2{n2,T - Ti)\\\en^e'^^\\L-^{e)dTi 

' N-i<{z„^)<2N-i N2<{z„2)<2N2 



< CeiNiAN2y 



^ X] |ci(ni,n)|||e^2||L2(e)|c^(n2,r-ri)|(iTi . 



Again, our goal is to estimate the L^(Mt-) norm of the last expression. Using the 
Cauchy-Schwarz inequality in (Ti,ni,n2) yields 

/oo 
Yl Yl |ci(?^i,-ri)| ||e^2llL2{e) |c2(n2,T-ri)|dri < 



Afi<(2ni><2Ari Ar2<(2n2)<2^2 



<(/ X] Yl |ci(ni,ri)|2||e^J||2(0)|c^(n2,T-ri)pdri 



iVl<(Zni)<2Afl Af2<(Zn2><2Ar2 



X |A(r,Li,L2,iVi,A^2)|2, 



30 



NIKOLAY TZVETKOV 



where A(r, Li, L2, Ni,N2) is defined by (|4.2|1 . A use of Lemma now gives 

f°° II 1 

/ ui{Ti,r)u2{T-Ti,r)dn\\ <Ce{NiAN2y{LiL2p 

J — CO ^'^ (®) 

(/ Yl Yl |ci(ni,n)PllK2lli2(e)C2(n2,r-ri)|2dTij' . 

-^-"^ Ni<(zn^)<2Ni N2 <{z^^)<2N2 

and therefore 

ll'"l'"2||L2(iRxe) < (^£(^1 A A''2)'^(LlL2)2 ||Mi||^2(iRxe)lk2||L2(Rxe) • 

Next, using the locahsation of the Fourier transforms of ci(n,t), as in the proof of 
Proposition 14.11 we get the bound 

lkl||L4(M;L2(e)) ^ lkl||L2(]Rxe)- 

Next, we estimate U2 as follows 

Il'"2(i,-)|li2(0) = Y |c2(ra,i)P||e;||^2(0) 

Ar2<(2„><2Ar2 



< C r \c2{n,T)\^dT)\\e'Jl,^^^ 



N2<(z„)<2N2 
= CL2\\u2\\l2^^y.Qy 

Therefore 

1 

lk2||L°°(R;L2(e)) < CL| ||n2||L2(iRxe)- 

Interpolating with the equality 

\\U2\\L'2{R-L'2(e)) = II'"2||l2(irx0)- 

gives 

1 

|k2||L4(IR;L2(e)) < CL^\\u2\\L2(Rxe)- 

Thus 

1 

\\Uj\\L^{R;L2{0)) < C*-^/ ll'"jllL2(IRxe)) J = 1)2. 

Next, using (|2.1j) . we get the bound 

1 

(4-15) ||nj||j^oo(K.j^oo(0)) < CA''jLJ ||'Uj||i2(]Rxe)) J = l>' 
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Indeed, for j = 1 such an inequality is already proved in Proposition 14. II For j = 2, 
we can write by using (|2.1j) . 

\u2{t,r)\ < CN^ ^ |c2(n,t)|||e^||L2(0) 

N2<{z-a)<2N2 

< CN2[ Yl Ic2(n,t)p||e;||i.(e)) 

N2<{z„)<2N2 
1 

< CN2L^\\u2\\l'2(Rx0) 

and thus (|4.15|) for j = 2. Moreover, 

(4.16) ||'Uj||i2(R.ioo(0)) < CiVj||-Uj||i2(iRxe)) j = l,2. 

Indeed, for j = 1 it is already proved in Proposition 14.11 For j = 2, by invoking 
once again (|2.1j) . and the Cauchy-Schwartz inequality, we obtain 

||M2(*,-)|lioo(0) < CiV2( Ic2(ra,t)|||e;,||i2(e)) 

N2<(z„)<2N2 

< CNl Yl |c2(n,t)P||e'J|i2(e). 

N2<{Zn)<2N2 

Integration of the last inequality over t gives (|4.16p for j = 2. An interpolation gives 

1 

ll'"jllL4(iR;L°°(e)) < CLj Nj\\uj\\L2(^y^Q), j = 1,2. 
Then the Holder inequality gives 

A final interpolation completes the proof of Proposition 14. (-il □ 

5. Bourgain spaces 

We denote by the radial functions on the unit disc. We endow L'^.g^^i®) 

with the natural Hilbert space structure. Similarly, we denote by Lf,^j^{W x 0) the 
functions on M x G, radial with respect to the second argument. For a < 1/2, 
the norm in H^^^{Q) of a radial function 

n>l 
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can be expressed as 

Il7,l|2 - \^ I |2 

n>l 

In this paper, we will only consider spaces of Sobolev regularity < 1/2 and thus 
there is no need to specify the boundary conditions on dQ (in our context it simply 
means r = 1). More precisely the choice of the Dirichlet eigenfunctions e„ as basis 
of Lf.^^{Q) is not of importance in the definition of H^^^{@), a < 1/2. 

Next, we define the Bourgain spaces 

Kadi^ X 6) of functions on M X © which 
are radial with respect to the second argument. These spaces are equipped with the 



norm 



where 



|2 

lx;;°{Rxe) 



n>l 



(t) = '^Cn{t)en ■ 



n>l 



Notice that 

(5.1) ll^llx;^^,(Rx0) = II exp(-itA)(u(t))||^.(K.^.^_^(e)) 

Indeed, using that 

exp{-itA){u{t)) = y^^ex.p{itzl)cn{t)en 



n>l 



and since 



exp(it2;2)c„(t)(r) = 4(r - zj, 

we arrive at 

||exp(-itA)(n(t))||^i,(R.jya (o)) = ^zl''\\exp{itzl)cnit)fjji,^ 



n>l 



n>l 

Il"llx-^,(RX0) • 

This proves (Oil . Clearly X;r;'^(R x 6) have a Hilbert space structure and for 
< cr < 1/2 we can see X^^J^^{M. x 0) as its dual via the L^(M x 0) pairing. A 
one dimensional Sobolev embedding (for functions with values in H^^^{Q)) yields 
the estimate 

(5.2) ||n||ioo(iK.^^.^^(0)) < Cbll-ull^.^b^jj^Q), b>^. 
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Next, for T > 0, we define the restriction spaces T, T] x 0), equipped witli 

the natural norm 



\U\ \ -trajb , 



inf{||u;||^<.,t, w £ X'^'^^{R X Q) with w\yT,T[ = u]. 



Therefore 1)5.2^ yields 

1 

2 



which implies that for 6 > 1/2 the space X'^,'^^{[—T, T] x 0) is continuously embedded 
in C([— T, T] ; H^,^^{Q)). Similarly, for / C M an interval, we can define the the 

restriction spaces x 0), equipped with the natural norm. 

Following 5 , our next purpose is to express the norm in 

Kadi^ X 0) in terms 

of some basic localisation operators. Recall that for u = X]n>i ^n^ni the projector 
Ajv is defined by 

n:N<{z„)<2N 

For > 2 a dyadic integer, we define the projector Sn by 



N-i<N/2 
Ni —dyadic 



For a notational convenience, we assume that Si is zero. Notice that Sn is essentially 
equivalent to Sn, where the projector Sn is defined in (|3.12j) . For N,L positive 
integers, we define A7v,l by 

(5.3) An,l{u) = ^ V ( / Cn{T)e''^dT)en, 

where 

u(t) = ^c„(t)e„ . 

n>l 

Then for u G X'^^^{M. x 0) (with the natural interpretation of the r integration in 
(|5.3j) if 6 < 0), we can write the identity 

u= ^ AAr^L(u) 
L,JV— dyadic 
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in X^^^(R X 0). Next, we have that there exists a constant (7^,6 > 1 which depends 
continuously on a and b such that 



IxB) 



and 



i>,A'— dyadic 



(5-4) < Ca^b\\u\\^„,t 



2 

x;^°(Mx0) 



Moreover there exists Cj, > 1, a continuous function of b such that 

L— dyadic 

(5.5) < a||A;v(n)||io.(^,e) 

and there exists Cq- > 1, a continuous function of a such that 



A''— dyadic 



(5.6) < Ca\\u 



|2 



Proposition 14.11 now has a natural formulation in terms of the basic localization 
projectors. 



Proposition 5.1. — For every e > 0, there exist /3 < 1/2 and C > such that for 

^radi 



every Ni,N2,Li,L2 > 1, every ui,U2 G Lf.^di^ ^ ®)' 



||AAri,Li('Ui)AAr2_L2(n2)||i2(Kx0) < 

< C{LiL2fmm{Ni,N2y\\AN,,Lii'^l)\\L2(M.xe)\\^N2,L2M\\L2{Rxe) ■ 

Proof. — It suffices to observe that Aj\i.^ij{u), j = 1,2 satisfy the localisation prop- 
erties needed to apply Proposition 14.11 □ 



6. Nonlinear estimates 

The next statement contains the main analytical ingredient in the proof of The- 
orem ^ 
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Proposition 6.1. — Let < cJi < o" < 1/2. Then there exist two positive numbers 
b,b' such that b + b' < 1, b' < 1/2 < b, there exists C > such that for every 

ll^(^)llx--'(Mxe) ^ + ll^lli-^Mxe))ll^ll<'^.(Mxe) 

and 

(6.2) l|i^H-i-WIU.-.'(«,e)^ 



C[l + ||n||^.,, ^^^Q^ + ll^lli..5(^^0) j \\u ^llx^.^Mxe) • 

Proof. — Using the gauge invariance of the nonhnearity F(u), we observe that 
F{u) — {dF)(0)u is vanishing at order 3 at u = 0. It therefore suffices to prove 
that 

(6-3) II^WIIx-/'(«xe) ^ ^ll^llx-^Mxe)ll"llx-'.(Mxe)' 

under the additional assumption that F{u) is vanishing at order 3 at n = 0. Indeed, 
by writing 

we deduce that the claimed estimate (|6.1() follows from (|6.3() applied to F{u) — 
{dF){0)u. By duality, in order to prove 1)6. 3() . it suffices to establish the bound 



(6.4) / F{u)v <C\\v\\^.^,,>, 

1x0 



|2 



Next, we have the decompositions 

v= Aivo(v) 

A'^Q— dyadic 

and (recall that F is smooth), 

Fiu) = J2 (^(^2iv, {u)) - F{Sn, (n))) 

A^i— dyadic 

with the convention that Si{u) = 0. Since Ajv = S2N ~ Sn, we can therefore write 

A^i— dyadic 

Y '^^G2{AnM,SnAu)) = Fi(n) + F2(n), 

A''i— dyadic 
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where Gi{zi, Z2) and G2{zi^ 22) are smooth functions with a control on their growth 
at infinity coming from l|1.2j) . We are going only to show that 



xe 



Fi{u)v < C\\v\\^.^,y 



since the argument for 



xe 



F2{u)v 



is completely analogous. We can write 



A''i— dyadic 



Next, we set 



and 



xe 



Fi{u)v 



xe 



Aat^ {u)Ano iv)Gi{ANi (n), Sni (u)) 



I{No,Ni) = 
Then I < Ii + I2, where 

Ii= Yl HNo,Ni), l2= Yl 1(^0, Ni) 



JVq<]Vi 
A^o , A^i —dyadic 



Nq>Ni 
AfcA^i -dyadic 



We estimate first Ii. Similarly to the above expansion for F, using the vanishing 
property at the origin of F, we now decompose Gi{An-^{u), S]\fiiu)) as follows, 



Y [Gi{S2N2Ani{u), S2N2SnA'^)) - Gi{Sn2AnAu), Sn2Sni{u)) 

Af2— dyadic 

Therefore, using that A^^^Aj^f^ = Ajv-^, if A''i = N2 and zero elsewhere, we obtain 
that 

Gi{An,{u),SnAu))= Y ^N2{u)G^HAn2{u),Sn2{u))+ 



Af2— dyadic 



Y AM2{u)G^2'i^N2in),SN2{u)). 



N2<N-i 
^2— dyadic 
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Finally, we expand for j = 1,2, 



Ng<N2 
-/V3— dyadic 

N^<N2 
A^3— dyadic 

where, thanks to the growth assumption on the nonlinearity F(u), we obtain that 
the functions G^j[j^{zi, Z2), h,h = 1,2 satisfy 

We therefore have the bound 



^OiAfi— dyadic Af2,A^3— dyadic 

and moreover using the equality 

L— dyadic 

we arrive at 



Lo,i'i,i2,i'3-dyadic 

V / |A7Vo,L(,(t;)AiVi,Li(n)AiV2,L2(^^)AAr3,L3(u)|. 

/ lij V (— ) 

iVi>JV2>iV3,iVi>JVo 

Afo,Ari,Af2,Af3-dyadic 

Using Proposition 15.11 and the Cauchy-Schwarz inequality, we have that for every 
e > there exist (3 < 1/2 and Cg such that 




AaTo.Lo {v)Ani,Li {u)An2,L2 {u)An3,L3 (u) I < 



< \\'^No,Lo{v)AN2,L2{u)\\L^Rxe)\\^NiM(.u)ANs,L.Au)\\L^Rxe) < 

3 

< Ce{N2N3y{LoLiL2L3f\\ANo,Lo{v)\\L2(Rxe) n ll^^.-.i-.-Mlli^CMxe)- 

i=i 
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Therefore, if we set 

(6.5) Q = Q{No,Ni,N2,Ns,Lo,Li,L2,L-i) = C N^'' {N2N^r' 4 {LiL2L^f 

3 

X ||AAro,Lo(t))||i2(]8x0) HAat^^l^. (u) 11^2(^x0) , 

we can write 

Lo,Li,L2, is -dyadic iVi>iV2>iV3,iVi>iVg ""^ 
A^O ,A''l ,N2,N3 -dyadic 

Let us take e > such that e — o"i < 0. This fixes /3. Then we choose b' such that 
P < b' < 1/2. We finally choose b > 1/2 such that b + b' < 1. With this choice of 
the parameters, using H5.5() and after summing geometric series in Lq, Li, L2, L^, 
N2, N3, we can write that 

Nq<Ni 
Afo,A^l -dyadic 

where 

(6.6) c(iVo) = No''\\^No{v)\\^o,y^^^^y d{Ni) = N^\\ANAn)\\j,o,,^^^^Q^ ■ 

We now make appeal to the following lemma which is a discreet variant of the Schur 
test. 

Lemma 6.2. — For every a > there exists C > such that for every couple of 
functions Cj{N), j = 1,2, defined on the set of the dyadic integers such that 

\\cj\\= E |c,(iV)|' <oo, j = l,2 

Af— dyadic 

one has 



(6.7) E c,iNo)c2iN,) <C\\ 



\NiJ 

A^OiA^l -dyadic 



Proof — Write Ni = 2^ Nq with j > 0, j e Z. Thus the left hand-side of ^l^i can 
be rewritten as 

00 

|E E 2--''^ci(iVo)c2(2^iVo) 

j=0 A^o- dyadic 
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which by the Cauchy-Schwartz inequahty m Nq is bounded by C||ci||||c2|| with 

oo 
j=0 

This completes the proof of Lemma 16.21 □ 
Next using H5.6() and Lemma 16.21 we deduce that 

h < ^ll^llx-'^/(Mx0)ll"lli2^''(Mx0)ll''llx;;^,(Kxe)- 

This ends the analysis for Ii. We next turn to the estimate for l2- The basic idea 
is that after an integration by parts, the structure of I2 becomes very close to the 
structure of Ii, by simply exchanging the roles of A^o and A^i. In this context the 
Pr OP osition 14 . 31 gives the relevant bound. We start by some preliminary observations. 
For u G L^^^(R x 0) we can write 

^n,l{u) = ^ c(n,t)en(r), 

N<{z„)<2N 



where 
and 

Moreover 



supp c(n, r) C {r G M : L < (r + 4) < 2L} 

/oo 
|c(n,r)|2(ir. 
... , . , -00 



N<{z„)<2N' 



dr(^AN,Liu)^ = X] c(n,t)e^(r). 

N<(Zn)<2N 

Recall that for m ^ n, e'^ and are orthogonal in Moreover, thanks to 

l|enllL2{e) ~ "-||en||L2(e) 

and thus using that 

/oo 
|c(n,r)|2dr 

we arrive at the crucial relation 

(6-8) ||a,(A^,L(n))||^2(jj^Q) « iV||A^,L(u)||^2(Kxe) • 

Let us observe that 

1 1 

en{r) = — 7j-dr{rdren{r)). 
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Since A7Vi(^i)Gi(AAr^(u), Snj^(u)) is vanishing on the boundary of 6, an integration 
by parts yields 



enir)ANi (n)Gi(AAr, (u), Sni {u))rdr 



e'n {r)dr ( l^Ni {u)Gi {An^ (u) , Sni {u))) rdr . 



Write 
(6.9) 

where 



Jo 



AAro,Lo(^^) = X] c{no,t)eno{r), 

No<{Zno)<2No 

suppc(no,r) C {r E M : Lq < (r + zl^) < 2Lo}. 



Then, for re € N such that (z„) G [Nq, 2No[, we set 

~/ \ c(n,t) 
c{n,t) = — , 

where c{n,t) are the coefficients involved in (|6.9|) . Define Atvq.Lq as 
AAro,Lo(^^)= X] c(no,t)e^^(r). 

A^o<(zno><2Afo 

Clearly A7Vo,Lo(^^) is an object which fits in the scope of applicability of Proposi- 
tion 14.31 and 

(6-10) \\ANo,Lo{v)\\L^Rxe) - No^\\^No,Lo{v)\\L2(Rxe)- 

Recall that en{r) are real valued. In view of the above discussion, we need to control 
the expression 



E 



E 



iVo>iVi 
Lq 1-^0 1^1 "dyadic 



X0 



AAro,Lo iv)dr I AaT-^ {u)Gl [An^ (u), Sni {u)) 



Now, we can write E < Ei + E2, where 



Nq>Ni 
Lq, No, Ni— dyadic 



X0 



ANo,Lo{v)dr Ani (u) Gi (Aat, (u), Sni (u)) 



and 



E2 



E 



Nq>Ni 
Lo,No,Ni— dyadic 



xe 



Ano,Lo {v)Ani {u)dr ( Gi{An^ {u),Sni (^)) 
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By expanding Gi (21,^2) and using the growth and vanishing assumptions on the 
nonhnear interaction F, we can write 

E,<C 

Lo,Li,L2,L3 —dyadic 

/ \ANo,Loiv)dr{'^NuLA'^))'^N2,L2i^)^Ns,L3{u)\. 

]Vo>JVi>JV2>JV3 -^Kxe 
A^O ,Ni ,N2 ,Af3 -dyadic 

Using Proposition 15.11 Proposition 14.31 the Cauchy-Schwarz inequahty, (|6.8|) and 
we have that for every e > there exist /? < 1/2 and such that 

I ^No,Lo {v)dr (AaTi {u))An2,L2 {u)An3 .La {u) \ < 

X0 

< \\^No,Loiv)^N2,L2i^)\\L^Rx0)\\dr{^Ni,LAu))^N3,L3iu)\\L^Rxe) < 

< C,(iV2iV3)'(^0^1^2L3)^||AjVo,Lo(^^)llL2{Rxe) 

3 

X \\dr{ANj,LAu))\\L^Rxe)Y[\\^Nj,L,{u)\\L^Rxe) < 

N ^ 

< Ce{N2Nsy{LoLiL2L3fj^\\AN„Lo{v)\\LHRxe) n \\^N„L,{u)\\L2(u^e)- 

Therefore, with Q defined by (|6.5|) . we can write 
(6.11) E^< 

-Lq i^'i 1^2 i^'S— dyadic 

Nq>Ni>N2>N3 
No,Ni,N2,N3- dyadic 

Let us take e > such that e — ai < 0. Then as we did for the bound for Ii, we 
choose b' such that P < b' < 1/2. We finally choose 6 > 1/2 such that b + b' < 1. 
Using (|5.5|) and after summing geometric series in Lq, Li, L2, L3, -^3, we can 
write that 

S Cllull^,..,^^^, J: (|)'-"c(A,„)<i,]V,,. 

^0 —dyadic 
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where c{Nq) and d{Ni) are defined by H6.6|l . Therefore, using (|5.6|) and Lemma 16.21 
we arrive at the bound 

Let us now turn to the bound for i?2- Using the formula 

dr{fizir))) = {drZ)df + {drZ)df, 

we can write 

N2<Ni 
N2 —dyadic 



dr [A^, (n)) G^i (An, (u), Sn, (u)), 

N2<Ni 
Af2— dyadic 

where thanks to the growth assumption on the nonhnearity, G^^^ {zi, Z2), j = 1,2 
satisfy 



(6.12) Yl {\d.,G^^{zi,Z2)\ + \d,,G^^nzi,Z2)\) < G. 

k=l 

By expanding G^j{zi, Z2), j = 1, 2 in a telescopic series and using (|5.12p . we get the 
bound 

E2<G Yl 

-Lo ji'i ,^3 —dyadic 

Y / _ \^No,Loiv)ANiMi'^)dr{AN2,L2{u))AN,,,L3{u)\. 

NQ>Ni>N2.Ni>N:j ''^X® 
No,Ni,N2,N3-djadic 
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Using Proposition 15.11 Proposition 14.31 the Cauchy-Schwarz inequality, H6.8|) and 
we have that for every e > there exist /? < 1/2 and Cg such that 



X0 



X \\dr{AN2,L3{u))\\L^{Rx0)\\^Ni,Lii^)\\L^(Rx0)\\^N3,L3i'^)\\L'2{'Rx0) < 

< Ce{N2N3Y{LoLiL2Lsf^\\ANo,Lo{v)\\mRx0) n \\^N„L,{u)\\L2(Rxe)- 

° i=i 



Next, for < A'^i, we can write. 



Ni) No - \Ni. 



E2< E Lr\L.L2L,rH^X~ {N2N,f--^Q 



and therefore, with Q defined by (|6.5|1 . we can write 

L0)-^ii-i'2, -^3— dyadic Nq>Ni>N2.Ni>n^ 
No ,Ni,N2 .A^s -dyadic 

But the right hand-side of the above inequahty is exactly the same as the right 
hand-side of of (|6.1H) . Therefore 

E2 < ^ll^llx7-'''(Rx0)ll^lli;i/(Rxe)ll'^llx-*,(Mxe)- 

This completes the proof of (|6.1I) . In the proof of (|6.1() . we analysed the expression 
||F(n)|| „CT,-b'. The argument is based on successive expansions of F(u) in telescopic 

rad 

series and thus it works equally well if we replace F(u) by u G{v, w) where G{zi, Z2) 
satisfies the growth assumption 

(6.13) \dlld^,ld[\d%G{zi,Z2)\ < Ck,M,h,hi^ + l^il + |z2|)'"'^^(°'"-'=^-'^-'^-^^) . 

But this is exactly the situation that occurs in the analysis of (|6.2)) . Indeed, one can 
write 

F{u) - F{v) = {u- v)Gi{u,v) + {u -v)G2{u,v) 

with Gj{zi, Z2), j = 1,2 satisfying (|6.13j) . Since the analysis is very similar to the 
proof of (|6.1j) . we shall only outline the estimate for (n — v)Gi{u, v). Again, we can 
suppose that F{u) is vanishing at order 3 at ti = 0. Let us set 

Wl = U — V, W2 = U, W3 = V. 
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One needs to bound 

JrxB 

by 

C(l + 11^/^2 ||^...^(K^e) + ll^3||^...(K,e))'ll^illx-^,(Rx0)ll^4||^-.y . 
Next, we expand 

Wi= ^ An^{wi), W4= ^ Ano(.W4) 
A^i— dyadic A^O ^dyadic 

and 

Gl{w2,W3)= ^ (^Gi{S2N2iw2),S2N2{'W3)) - Gi{SN2iw2),SN2i'W3))y 
^2— dyadic 

Thus, modulo complex conjugations irrelevant in this discussion, one has to evaluate 
quantities of type 



Afo,A^l,A^2-dyadic 



(6.14) V / ANoiw4)ANAwi)AN2{Wj) 

ijf 2 (^^^ (y;^), Sn2 {w2), An2 {w3),Sn2 im)) 



, j = 2, 3, 



where H^^ [zi, Z2, z^, Z4) are smooth functions satisfying growth restrictions at in- 
finity coming from (|1.2j) . In the analysis of (|6.14j) . we distinguish two cases for Nq, 
Ni, N2 in the sum defining (|6.14j) . The first case is when A'o < max(A'^i, A''2), In this 
case, we expand once more H^^ which introduces a sum over N3 — dyadic, N3 < N2 
of terms ANg{wj) (or complex conjugate) times a bounded function (thanks to the 
sub cubic nature of the nonlinearity) . The analysis is then exactly the same as for 
that of Ii in the proof of (|6.1() . If Nq > max(A^i, A'^2)) then we integrate by parts by 
the aid of AjVo('^4) and analysis is the same as in the bound for I2 in the proof of 
H6.1|) . This completes the proof of Proposition 16.11 □ 

Let us now consider the integral equation corresponding to the problem (|1.1() - H1.5I) 

(6.15) u{t) = e'^^uo + i f e'^^-^^^F{u{T))dT . 

Jo 

With Proposition 16.11 in hand, we can deduce the following estimates for the terms 
in the right hand-side of 1)6. 15(1 . 
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Proposition 6.3. — Let < ai < a < 1/2. Then there exist two positive numbers 
b,b' such that b + b' < 1, b' < 1/2 < b, there exists C > such that for every 



T e]0, 1], every u,v £ X;;'^([-r,r] x 9), every uq G H^adi®), 



(6.16) 
(6.17) 

and 
(6.18) 



eiit-r)^F{u{T))dT 



< 



< CT^-b-b' ( I + 



'''"^™d([-^.'r]x©) 



3^(*-")^(F(n(r)) -F(z;(T)))dT 



< 



Proof. — Let V £ C'^(M) such that ijj = 1 on [—1,1]. Then, using (|5.1j) . we can 
write 

||e**^uo||^.,6([_y_y]xQ) < ||V'(i)e'*^^io|U^-.6(Kxe) = IIV'llH6(R)lkok-^^(e) 

which proves 1)6. 16|) . Let us remark that if n E X^^^(R x 0) reahses the 

X^^^([— T, T] X 0) norm of u then the same u realises all X'^^'^{[—T,T] x 0), 
a' < a norms of u. With this remark in hand, now the proofs of 1)6. 17|) and (|6.18j) 
follow from 1)6.1(1 and ()6.2() respectively, (|5.ip and the inequality 



(6.19) 



Uit/T) / fir)dr\\H.m < CT 



l-b-b' 



We refer to [7j for the proof of l|6.19() . This completes the proof of Proposition 16.31 

□ 



7. Basic local well-posedness results for NLS and the truncated NLS 

Recall that we are interested in constructing solutions of the initial value problem 



(7.1) iut + An + F{u) = 0, u\t=o = uq . 

We will approximate the solutions of (|7.1() by the solutions of the ODE 

(7.2) iut + Au + Sn{F{u)) = 0, u\t=o = uo € En, 
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for S> 1 (for the definition of tlie projector Sn, see Section 3, 1)3. 12() above). 
Equation (|7.2|) can be seen as a Hamiltonian ODE for u = S]\f{u). More precisely, if 

TV 

u = Sn{u) = ^ C„ en,s, 
n=l 

then the Hamiltonian of the ODE (|7.2)) is given by 

TV I N 

H{u,u) = ^zl-^'' \cn\'^ - / v(^^Cmem,s{r)Ydr . 

n=l "^0 m=l 

Multiplying H7.2() by u and integrating over B yields that the norm is still a 
conserved quantity for ()7.2() . Therefore, the Cauchy-Lipschitz theorem for ODE's 
implies the existence of global dynamics for 1)7. 2() for every uq G L^(0). The 
conservation provides the bound 

TV 

Y,^n''\Cn{t)\'<C 
n=\ 

uniformly in t. However, bounds on the quantities 

TV 

^n'^n-2^|c„(t)|2, a>0 

n=l 

for long times are non trivial and go beyond the scope of the basic Cauchy-Lipschitz 
theorem. We next state the basic local well-posedness result for (|7.1|) . which unfor- 
tunately misses the l? theory. 

Proposition 7.1. — Let us fix < ai < a < 1/2. Then there exist b > 1/2, f3 > 0, 
C > 0, C > 0, c g]0, 1] such that for every A > if we set T = c(l + then for 

every uq E H"^^{Q) satisfying ||uo||_h'<^i < A there exists a unique solution of 
in X'/,l'^{[-T,T] X 6). Moreover 

ll^^llL-([-T,T];H-i(e)) < ^\\^\\x2a{[~T,T\y.Q) - <^ll"0 lU-i (6) • 

// in addition uq G H^adi®) ^^^'^ 

ll''^llL°°([-T,r];_H'<^(e)) < ^ll^llx'^'^([-T,T]xe) — ^ll''^o||_H'<^(e) • 
Finally if u and v are two solutions with data uq, vq respectively, satisfying 

\\uo\\h'^i < A, ||fo||H<^i < A 

then 

\\u - f ||l°<=([-T,T];//^i(0)) < C\\uo - VoWH^iie) ■ 
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If in addition uo,vo G H^^^{@) then 

\\u - v||Lo°([_T,T];/f<^(0)) < C\\uo - VoUh'^^B) ■ 

Proof. — It is a direct application of Proposition 16.31 and the contraction mapping 
principle to the map (u) defined by the right hand-side of (|6.15|) . Indeed, for 
shortness, let us denote by the Bourgain space X'^^^{[—T,T] x 0), where b is 
fixed in Proposition 16.31 Then there exists 6 > (6 = 1 — b — b' with b' fixed by 
Proposition 16.3)1 such that 

(7.3) ||'J>«oMllx;i < (e) + CT\l + h||^.0||n||^.i 
and 

(7.4) \\^uM)-^uo{v)\\x-^^ <C7r^||n-z;||^.i(l + ||n||^., 

Using (|7.3j) . we obtain that for every uq such that HuoUh'^i < ^4 if we take 

r~ (i + A)-^/2 

then the map sends the ball of radius 2C||tio||_f/'^i of X^^ into the same ball. 
Thanks to 1)7.4(1 . with the same restriction on T the map is also a contraction 
on the ball of radius 2C||no||_ff'^i of X^ . The fixed point of this contraction is the 
needed local solution of ()7.1|1 . Proposition 16.31 also yields the bound 

||^«„(^^)IUj < cii^xoIIh^^^^o) + cr^(i + hll^ji)||n|U^ 

We obtain thus the propagation of higher regularity with the same restrictions on 
T. Using Proposition 16.31 we get the bound 

(7.5) \\^^,{u) - ^u,{v)\\x^^ < CT'Wu - v\\x^^{l + ||n||2,. + \\v\\l.^) . 

Applying Proposition 16.3) (|7.4|1 and l|7.5|l to the difference of two solutions yields 
the quoted Lipschitz bound. This completes the proof of Proposition 17.11 □ 

Remark 7.2. — // we are interested to prove propagation of higher Sobolev regu- 
larity, with our methods we only can treat the domains of the powers of the Dirichlet 
Laplacian. For example we may expect to get that Hq regularity is propagated by the 
flow. Similar results for the Neumann Laplacian do not follow from our analysis. As 
mention in the introduction, we do not pursue this here since the measure p "lives" 
on functions of Sobolev regularity H^l'^~ . 

We state the analog of Proposition 17.11 for l|7.2(l . 
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Proposition 7.3. — Let us fix < ai < a < 1/2. Then there exist b > 1/2, f3 > 0, 
C > 0, C > 0, c g]0, 1] such that for every A > if we set T = c(l + A)~f^ then 
for every N > 1, every uq € H'^^^(Q) satisfying \\uq\\h'^i < A there exists a unique 
solution u = Sn{u) of \7.^ in X'^^^{[—T,T] x 0). Moreover 

lhllL-([-T,r];H-i(e)) < '^ll^llx;i/([-T,r]xe) - ^ll'"ollH-i(e) ■ 
// in addition uq E H"^^{Q) then 

ll'"llL°°([-T,T];H'^{e)) < ^ll'"llx;";*^([-T,r]xe) - C'||'Uo||//'^{e) • 
Finally if u and v are two solutions with data uq, vq respectively, satisfying 

\\uq\\h'^i < A, WvqWh'^i < A 

then 

\\u - t-llicxjQ.j^^^-j.j^cTii-Q)) < C\\uo - vo||//<^i(e) • 
If in addition uo,vo G H"^^{Q) then 

\\u - v\\Loo(^_rp^T];H''{e)) < C'll^o " ^^olU<^(e) • 

Proof. — The only new point compared to Proposition 17.11 is to observe that Sm 
is bounded, uniformly in N on the Bourgain spaces X'^ad^[—T,T] x ©), namely for 

'(7,6 / 

rad^ 



everytxG<;',([-r,r]xe), 



a bound which is direct consequence of the definitions of Xradi\-~'^^ ^] ^ ®) ^'^'^ 
projector Sn. □ 

Remark 7. 4. — The main point in Proposition \7.3\ is the uniformness of the 
hounds with respect to N . 



8. Improved bounds for the truncated NLS 

In this sections, we improve the result of Proposition E31 More precisely, we show 
bounds on the H'^ norm of the solutions of H7.2() . uniform in N for initial data of 
"large pN measure". Let us denote by ^N{t) the smooth flow map of (|7.2j) which is 
defined globally thanks to the conservation for (|7.2|1 . The next statement results 
from an application of Liouville's theorem to (|7.2|) . 

Proposition 8.1. — The measure pN defined in Section 3 is invariant under the 
flow of the fT^ . 
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Proof. — Set c{t) = (c„(t))i<„<Ar, where 

N 

u{t) = '^Cn{t)en,s ■ 
n=l 

In the coordinates c„, the equation (|7.2|) can be written as 

(8.1) iz-'cnit) - zl z-'cnit) + / Sjv(F(n(t)))e;^ = 0, 1 < n < iV. 



Next, equation (|8.H) can be written in a Hamiltonian format as follows 



2s ■2s(^H 



dtCn = -iZn^=, dtCn = iZn^——, 1 < n < iV, 
with 

n=l m=l 



Since 

N 



we can apply the Liouville theorem for divergence free vector fields to conclude that 
the measure dcdc is invariant under the flow of (|7.2j) . Recall that we denote by 
$Ar(t), the flow of (|7.2|) and that the quantities H{c,c) and 

N 

2 — \„ |2 



n=l 



are conserved under <I>Ar(t). Let ^ be a Borel set of E^- Recall that we denote by 
X the characteristic function of the interval [0, R], R> 0. Then 

PNiA) = KN [ e-^('='^)x(l|c||)(icdc, 
J A 

where 

l<n<Af 

In addition 

(8.2) pN^NmA)) =KN [ e-^(^'^)x(l|c||)dc(ic. 

We can write 

<^NmA) = {(c,c) : ice) = ^Nmb,b), (6,6) G ^}. 
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Let us perform the change of variables (c, c) = <I>Ar(i)(6, b) in the right hand-side of 
(|8.2|) . Since dcdc is invariant under $Ar(t) the Jacobian of this variable change is 
one. Next by the conservation laws 

H{^Nmb,b)) = H{b,b), w^Nimw = \\b\\. 

Therefore 

PN(^^N{t){A)) = l^e-'''^'~'^xm\)dbdb = pn{A). 
This completes the proof of Proposition 18.11 □ 



Next, we state a bound for the solutions of (|7.2j) which gives a control, independent 
of N on norms which are stronger then but weaker then . 

Proposition 8.2. — For every integer i > 1, a £ [s,l/2[ there exists a set 
such that 

(8.3) /9^(i?;v\Sjv,J < 2-\ 
and for uq S ^ one has the bound 

(8.4) \\^Nmuo)\\H^ < C^ii + log(l + |t|))5 . 
Moreover, for Ni < N2 we have the inclusion SJy^ ^ C SJy^ ^. 

Proof. — We will consider only the positive values of t, the analysis for t < being 
the same. For a S [s, l/2[, i,j integers > 1, we set 

BN,ai^'^) = [u^ En ■■ ||^^||H-{e) < D^{i+j)^, \\u\\l2(^q^ < 

where the number D^j ^ 1 (independent of i,j,N) will be fixed later. Thanks to 
Proposition 17.31 there exists r g]0, 1], r ~ D^^{i + for some /3 > and such 

that for t £ [0,r], 

(8.5) ^N{t){B%^jD,))cB'^^^{CD.), 

where B^^ ^{CD(j) is defined similarly to B^^ ^{Da) simply replacing Dfj by CD^j in 
the H" bound for u. Next, we set 

[2Vr] 
k=0 
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where \P It\ stays for the integer part of 2^ jr. Using Proposition 18.11 we can write 

[2Vr] 
k=0 

< {[2^/t] + 1)pm{E^\B'^^JD,)) 

< C2WP,{i + 3f'^pM{EN\B%(D,)). 

Let us now observe that 

Pn{Em\B%\^{D,)) = p(^zEi/;,,(G) : ||S^(n)|U.(e)>I).(^ + i)^) 
< p{ueH'^^^{e) : \\u\\h^(q^> D,{i + j)'2y 
Therefore, using Proposition 13.71 we can write 

(8.6) pn{Em\T.'{^^^{D„)) < a2^'l)f + i)^/2e-^^?(*+^') < 2~(^^+^\ 

provided D^j ^ 1, depending on a but independent of i,j,N. Thanks to (|8.5|) . we 
obtain that for uq G T,^^ ^{D^j), the solution u of 1)7. 2() with data uq satisfies 

(8.7) \\umH^ie)<CD4i + j)'2, 0<t<2^. 
Next, we set 

Thanks 

(8.8) pn{En\^'n,,)<2-\ 

Next, using 1)8. 7() . we get (|8.4() . Observe that for A'^i < N2, we have the inclusion 
B%{JD,) C B%UD,) which implies that ^^^JD,) C This in turn 

implies that for A^i < ^ C o-- This completes the proof of Proposi- 

tion EH □ 

Next, we prove an invariance property of the sets ^% ^ constructed in Proposi- 
tion |H21 

Proposition 8.3. — For every a €]s, l/2[ every ai G [s,a[ every t G M every 
integer i > 1 there exists ii such that for every N > 1, if uq € ^ato- then one has 

cI>^(t)(no) G Sj+j^V 
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Proof. — Again, we can suppose that t > 0. Set u{t) = <I>Ar(t)(uo). If uq G 
then for every integer j > 1, we have the bound 

\\^N{ti){uo)\\H- <C^{i + j)'^, 0<ti<2^. 

Let jo G N (depending on t) be such that for every j > 1, 2-' + 1 < 2^~^^°. Therefore, 
we have that 

\\<^>Nitl){u{t))\\H^ = \\^N{t + ti){uo)\\H^ <C,(i+j+jo)^ 0<ti <2^'. 

The crucial observation is that thanks to the conservation law, interpolating 
between the last bound and the conservation provides the existence of 9 g]0, 1[ 
(depending on a and fii) such that 



\\<^>Niti)iu{t))\\H-i < c\C^{i+j+jo) 
Next, we observe that since 6* < 1, for jo ^ 1, 



< ti < 2t 



Thus 



Caii + j+jo) < Daiii + j + joY- 



|$jv(ti)(u(0)k-i < D^,{i + j + jo)-^ , 0<h<2^. 



We can now conclude that u{t) E S^^°'-'(Dcr) for every j > 1. Therefore 

u{t) G 

This completes the proof of Proposition 18.31 



N,ai 



□ 



Remark 8.4- — The number ii is the same for every i, i.e. it depends only on 
t, a, cTi. This fact is however not of importance for the sequel. 



9. Global existence for NLS on a set of full p measure 

The goal of this section is to compare the flows of (jT-lf) and H7.2|) on a set of full 
p measure. For an integer i > 1 and a G [s, l/2[, we set 

Af>l 

where ^ are defined in Proposition 18.21 Let us denote by the closure of 
in H!^ad(®y Thus SJ,. is a closed set of H!^^^{@). Then thanks to Lemma [3.81 and 
Proposition 18. 2( we can write 

(9.1) p{W,) > limsuppjv(SV,J > limsup {pn{En) - 2"') = p{H^.ad{&)) " 2"'. 
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Next, we set 

i>l 

In view of (|9.H) . we obtain that So- is of full p measure. 

Let / = (/j)jgN be a increasing sequence of real numbers such that /q = s, Ij < 1/2 
and 

lim Ij = 1/2. 

Then, we set 

(9.2) S = fl 

The set S is of full p measure since every S^- is of full p measure and the intersection 
in (|9.2() is countable. The set S is the statistical ensemble for the problem 1)7. 1|) and 
the solutions of 1)7. 1() with data in S are globally defined. We have the following 
statement. 

Proposition 9.1. — For every uq G S, the local solution of given by Propo- 
sition [7!7| is globally defined. Moreover for every t G M, i/ we denote by <I>(t) the 
flow map of (|7.-?| ) acting on E then = S. 

Proof. — Let us fix uq G S^, a £ I, ai £]0,a[ and T > 0. Thus there exists a 
sequence uq^^ G SJy^ ^, where Nf^ is tending to infinity, such that no,fc converges to 
Uq in H'^{Q). Thanks to Proposition 18.21 

(9.3) ||^7V,(t)(no,fc)||//- <a(i + log(l + |t|))5. 
Set 

Thanks to (|9.3() . there exists A > 1, independent of Ni^., such that 

(9.4) \\uN,{t)\\H- < A, \t\<T. 

Let us observe that (|9.4|) . applied for t = implies that Utiolljf^ < ^ (after passing 
to the limit — > oo). Let r > be the local existence time for (|7.1j) . provided by 
Proposition 17.11 for ^4 = A + 1. Recall that we can assume r ~ A~^ for some /9 > 0. 
Denote by u{t) the solution of 1)7. 1|) with data uq on the time interval [— r, r]. Set 

V = U- UNk ■ 

Then v solves the equation 

(9.5) ivt + Av + F{u) - Sn,,{F{un^)) = 0, v\t=o = uq - u^^k ■ 
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Next we write 

F{u) - Sn,{FM) = SN,{Fiu) - F(n^J) + (1 - Sn,)F{u). 

Observe that the map I - Sn sends H^^A®) to Kadi®) with norm < CN'^^-''. 
Similarly, for / C M an interval, the map 1 — Sn sends X"'^^{I x 0) to X"^'^{I x 0) 
with norm < CN"^^" . Moreover Sn acts as a bounded operator (with norm < 1) 
on the Bourgain spaces X^^^. Therefore, using Proposition 16.31 we can write the 
Duhamel formula associated to ()9.5() and we obtain that there exists b > 1/2 and 
9 > (depending only on u, fii) such that one has the bound 



V 



+ Ct \\v\\^ai,b,, + II'"IL,CT, ,b,, , + 



2 



~l~II^A''i, II „o-i , „>) 

Using Proposition 17.11 and Proposition 17.31 we get 

+CT^\\v\\^a,j,^^_^^^^^^^{l + C||uo|||/<.i(e) + C'll«o,fc||^-i{e)) 

+C7r^iV,-^-n|nok.(e)(l + C\\uo\\j,.,^^)) 

< C\\uo - -ucfclln-ice) + C''r'^^^^r~'^ll^o||H-{e) 
+Ct''a2||v|| f, 

Therefore, assuming in addition that r ~ A"^/"^, we obtain 

ll^^lljf-i^i'([_^^^]xe) - '^11^0 ~ ^^o,A;|k-i(e) + C'^r^'^ll^olk-ce), t ~ A"^, 

for some fixed positive real number /? and where the constant C is independent of 
Ni^. Since b > 1/2, the last inequality implies 

(9-6) IbWllH-i(e) < C'll^o - ^to,fc||/f-i(e) + C'^r"'^ll^o||/f-(e), 

where |t| < r ~ A~^, /3 > 0. By taking ^ 1 and using the triangle inequality, 
we get 

(9.7) ||u(t)||j^.i(e) < A + 1, |t|<r. 

The key quantity in this discussion is 
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We can iterate the argument for obtaining ()9.6() on [r, 2r] thanks to the definition 
of r and the bounds (|9.4|) and (|9.7j) . We obtain 

||^(t)lk<^i(e) < C^lbWIk'^iO) + CiV,^^-'^||n(T)|U.(e), 

where t G [r, 2r] and r ~ A~^. Moreover, by taking ^ 1, 



||n(t)||H-i{e) < A + 1, T<t<2T. 

Then, we can continue by covering the interval [— T, T] with intervals of size r, which 
yields the existence of u{t) on [—T,T]. Moreover v satisfies the bound 



\v{t)\\H'^i(e) < C'^+^(^iVfc' '^||uo||//-{e) + ll^o - uoMln'^He))-. 



\t\ < T. 



Therefore by taking Ni^ S> 1 (depending in particular on T), we obtain that for 
every e > there exists A'^o such that for > A'^o one has the inequality 

sup \\u{t) - ^N^{t){uo,k)\\mi{e) < £• 

\t\<T 

Hence for every t G [— T, T], 

(9.8) lim \\u{t) - <^N,{t)iuo,k)\\mi{e) =0. 

Since T > was chosen arbitrary, we obtain that for every uq G SJ^ the local solution 
of 1)7. If) is globally defined. Since i and a G I are also arbitrary, we obtain that for 
every uq G S, the the local solution of (|7.H) is globally defined. Let us denote by 
<I>(t) the flow of (|7.1|) acting on S. Let us show the inclusion 

(9.9) ^(i)(S) C S. 

Fix no G S. It suffices to show that for every cji G we have 

$(t)(no) G ^a, ■ 

Let us take a G]fTi, l/2[, a G I. Since no G S, we have that no G So-. Therefore there 
exists i such that no G S^. Let again no^fc G S^v^. o- be a sequence which tends to no 
in H'^^Q). Thanks to Proposition 18.31 there exists ii such that 

cI>;v,(t)(no,fc)GSi+^;,^. 

Therefore using (|9.8|) . we obtain that 



$(t)(no) G 

Thus <I>(t)(no) G So-i which proves ()9.9|) . Moreover the flow $(t) is reversible which 
implies that $(t)(S) = S. Indeed, if n G S and t G M, we set uq = ^{—t)u G S 
(which is well-defined thanks to the previous analysis) and thus u = ^{t)uo, i.e. 
S C <I>(t)(S). This completes the proof of Proposition 19.11 □ 
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We complete this section by getting a continuity property of 

Proposition 9.2. — Let u G S and m„ G S 6e a sequence such that Un ^ u in 
H^{Q). Then for every t G M, <I>(t)(u„) ^{t){u) in H'^{Q). In particular, for 
every A, a closed set in H^adi®) ^'^^ ^^■^ 

^{t){A n s) = ^{t){A n s) n E, 

where (^{t){Ar\T?) denotes the closure in H^^di®) of (^{t){Ar\T.). 

Proof. — Since u G S there exists A > 1 such that 

sup \\^T){u)\\Hs{e) < A. 
kl<|t| 

Let us denote by tq the local existence time in ProDosition l7.ll associated to ^ = 2A. 
Then, by the continuity of the flow <I>(ro)(n„) — > $(ro)(u) in H^{Q). Next, we cover 
the interval [0, t] by intervals of size tq and we apply the continuity of the flow 
established in Proposition 17.11 at each step. Therefore, we obtain that — > 
^it){u) in H^{e). Since C S, it is clear that 

(9.10) ^{t){A n s) c <^{t){A n s) n s. 

Next, let us fix u G ^{t){A fl S) n S. Thus there exists u„ G A n S such that Un = 
^it)ivn) converges to u in H^{Q). Since G S and u G S, we obtain that ti„ G S 
and ^{—t){u) G S. Therefore, using the continuity property we have just established, 
we obtain that Vn = <!>(— t)(u„) converges to ^{—t){u) in H^{@). Since the set A is 
assumed closed, we obtain that G A. Thus u G ^{t){A n S) which gives 

the opposite to (|9.1fl|) inclusion. This completes the proof of Proposition 19.21 □ 

10. Invariance of the measure p 

In this section, we complete the proof of Theorem ^ Recall that we denote 
by t G M the flow of (f7T|) acting on E, defined in (jHUI). Thanks to the 

continuity properties of <l>(t) displayed by Proposition 19. 2| we have that if A C S is 
a p measurable set then so is ^{t){A). Let us observe that thanks to the reversibility 
of the flow it suffices to prove that for every t G M and every p measurable set 
A C Ti one has the inequality 

(10.1) p{m{A)) > p{A). 

Let us show that it suffice to prove ()10.1|) only for closed sets of H^adi®)- Iiideed, 
by the regularity of the bounded Borel measures for every p measurable set A gT,, 
we can find a sequence of closed sets Fn C A such that 

p{A) = lim p{Fn) . 
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Hence if we can prove ()1U.1() for the sets then we can write 

p{A) = Mm < hmsupp($(t)(F„)) < p{^{t){A)). 

Therefore, it suffices to prove (|1U.1|) for closed sets of H^^^{Q) which are included 
in E. 

Fix a g]s,1/2[, a G /. Let us next show that it suffices to prove for subsets 

of S which are compacts of H^^^{@) which are bounded in H^^^{@). Indeed, using 
Lemma Eini we can write that for every closed in -f^^„^(0) set ^ C S, one has 

p{A) = lim p{AnKR), 

where Kji is the closed ball of radius R in H!^^^{Q), a g]s, 1/2[. Thus A n Kr is a 
compact in H^^^{Q) and if we can prove for compacts which are bounded in 

H-^,{Q) then 



piA) <limsup p{^t)iAnKR)) <p($(t)(A)). 

Thus, it suffices to prove (|10.1() for subsets of S which are compacts in H^^^{@) and 
bounded in H^^^{Q). 

Let us now fix t e M and C S, a bounded set of H"^^{<d) which is a compact 
in H^^^{Q). Then we have the following lemma. 

Lemma 10.1. — There exists a ballB, centered at the origin of H^^^{Q) containing 
all $(r)(Er), |r| < \t\. 

Proof. — The sets ^{t){K) are contained in a ball of H^^^{Q) for |t| small enough, 
given by Proposition 17.11 We then argue by contradiction by supposing that there 
exists T and a sequence Un £ K such that 

(10.2) lim ||$(r)K)||j,.(e) =oo. 

Since K is a, compact, there exists a subsequence still denoted by n„ and u G K such 
that ii„ — > u in H^^^{@). Since u G S, we can apply Proposition 19.21 and we obtain 
that $(r)(iin) '^iT){u) in ^''(6) which contradicts ^TcT^ . This completes the 
proof of Lemma llfl.ll □ 

Let us denote by Ri the radius of B. Set 

r,^c{l + Riy, 

where < c ^ 1 and M ^ 1 are two parameters to be fixed later. A first restriction 
on c and M is to chose them so that ri is smaller than the time existence provided 
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by Propositions 17.117.31 associated to ^ = i?i (and ai = s). It is then sufficient to 
prove that 

(10.3) p{K)<p{^T){K)), |r|<Ti. 

Indeed, once (|10.3j) is estabhshed, it suffices to cover [0, t] by intervals of size 
~ Ti and to apply (|10.3j) at each step. Such an iteration is possible since at each 
step the image under $(t) of the corresponding set remains in B and is included in S. 

Let us now prove ()1U.3|) . Fix e > 0. Denote by the open ball centered at the 
origin and of radius e of Hf.^^{Q). Recall that we denote by $Ar(t), t € M the flow 
of 1)7. 2() . Then using Proposition 17.31 we infer that there exists c > such that 



(10.4) ^N{T)[{K + B,)r\EN) C^N{r){SN{K)) + B,e, iV > 1. 

We now make appeal to the following lemma. 
Lemma 10.2. — For N ^ 1 one has the inclusion 



Proof. — The argument is similar to the proof of Proposition 19.11 For uq G X, we 
denote by u the solution of (|7.1|) with data uq and by un the solution of (|7.2() with 
data Sn{uq)- Next, we set f = n — utv- Then f is a solution of 

(10.5) ivt + ^v + F{u)- Sn{F{un)) = Q, v\t=Q = {l-SN)uQ. 

By writing 

F{u) - Sn{F{un)) = Sn{F{u) - F{un)) + (1 - Sn)F{u) 

and using Proposition 16.31 we obtain that there exists 6 > 1/2 and > such that 
one has 

Using Proposition 17.11 and Proposition 17.31 we get 

+Cr^iV^-n|no|U.(e)(l + Cho||l,.(e)) • 
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Coming back to the definition of ri, by taking c ^ 1 and M ^ 1, we infer that 

\Hx^^-^'^{[-r,r]xe) ^ C'^'"" 1 1^0 Ik- (0)- 

Using that uq is in a bounded set of H^^^{Q) and since b > 1/2, the last inequaUty 
impUes 

\\vit)\\HHe) < CN'-^\\uo\\H^ie) < CN'"', \t\ < r. 
This completes the proof of Lemma 110.21 □ 

Using (|1U.4|) . Lemma llU. 21 Lemma 13.81 and Proposition 18.11 we can write 
pU{t){K) + B^) > limsuppjv((^(T)W + S^) nSjv 

> limmf pn(<^n{t){{K + Be) n En 



= limini pn{ [K + Be) n En 

> p{K + B,) >p{K). 

By letting e ^ 0, we obtain that p(<I>(r)(K)) > p{K). This completes the proof of 
H1U.3(1 which in turn completes the proof of H10.1() . 

This completes the proof of Theorem ^ □ 

Remark 10.3. — Let us notice that in the proof of Theorem^ we did not make 
appeal to the conservation laws of i7.1[ ). We only used the conservation laws of i7.S\ ) 
and thus the propagation of higher Sobolev regularity for i7.1[ ) was not needed. 



11. Final remarks 

The result of Theorem ^ is obtained under the assumption a < 2. Let us recall 
that if a = 2 with F{u) = \u\'^u then one can construct initial data for ()7.1|) such 
that the local solutions constructed in Proposition 17. II develop singularities in finite 
time (see (HI II])- Observe that the data giving blow-up solutions in 9 has to be 
sufficiently smooth (at least H^) in order to give sense of the quantities involved 
in the well-known viriel identity. But one can show that for ip^^j defined by (|3.5j) 
we have that ||Va;||//i(e) is infinity almost surely. It would be interesting to decide 
whether the obstruction to make work the proof of Theorem ^ is related to a blow 
up phenomenon, i.e. can one prove a blow up of the solutions of (|7.1() with data on 
a set A such that p{A) > ? A related and probably simpler question is whether 
one can construct a blow up solution of NLS with data which is in H^, s < 1 but 
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not in ? 

If we suppose the defocusing assumption V{z) < then there is no problem with 
the integrabihty of /(«) and the cut-off is not needed. 

Let us notice that the restriction a < 2 is too strong for the well-posedness analysis 
of with data in X. Indeed this analysis seems to hold true for a < 4. Here 
is a rough explanation. Essentially speaking, in order to make work the nonlinear 
estimates with data of Sobolev regularity < 1/2, after /c G N expansions of the 
nonlinearity, for 

N2> Ns>--->Nk 
one should control the expression 

(11.1) {N2N3yNi---Nk 

by 

C{N2Ns • • • NkT 

for some a < 1/2. This leads to the restriction k — 3 < ^{k — 1), i.e. k < 5 
which corresponds to q < 4. In 1)11.1(1 the factor A'4 • • • appear from Sobolev 
embeddings which in 2d costs f = 1 derivatives (see [5] for a similar discussion). 
However for a > 2, the Sobolev inequality is no longer available to give sense of 
/q for u £ X. On the other hand one only needs to show that Jq V{u) is finite 
H almost surely. This seems to be tractable by some Gaussian estimates and the 
bounds of Lemma l2. 11 We plan to pursue this issue elsewhere. 

The measure ^ constructed in Theorem ^ is obtained for functions on the disc of 
radius r = 1. Similar measures can be constructed for any finite radius r and the 
limiting behaviour of these measures as r — > 00 seems to be an interesting problem. 

One can also ask the question about ergodicity properties of the measure p, i.e. 
the existence of "non trivial" p measurable sets invariant under the flow. 

Let us finally mention an extension of Theorem ^ One can construct invariant 
measures leaving on functions invariant by the rotations of the disc (see [4] ) . In this 
case, in the polar coordinates (r, on O, the measure "lives" on the set of functions 

(11 2) e™'^ ^ 9k{^) Jnk y^nk'^) 



k>l 



Znk ||<^rifc(^njf)llL2(0) ' 
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where J„, n > 0, n G Z is the Bessel function of order n and Znk are its zeros 
(Theoremncorresponds to n = 0). In (|11.2j) . Qki^^) is again a sequence of normalized 
i.i.d. complex random variables. 
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